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Films of metal-insulator nanogranular composites (CoFeB)x(Al2O3)100−x and (CoFeB)x(SiO2)100−x with

different content of metal ferromagnetic phase CoFeB (x ≈ 20−60 at.%) are investigated by electron spin

resonance. The experiments are carried out in a wide range of frequencies (f = 7−80 GHz) and temperatures

(T = 4.2−360 K) at different orientations of the magnetic field (up to 24 kOe) with respect to the film plane.

Besides the conventional ferromagnetic resonance signal, the experimental spectra contain a weak additional

absorption peak which is characterized by a double effective g-factor geff ≈ 4 and demonstrates a number

of other unusual properties. The appearance of such a peak in the resonance spectra can be explained in

the framework of the quantum mechanical «giant spin» model by the excitation of «forbidden» («double

quantum») transitions in magnetic nanogranules with a change of the spin projection ∆m = ±2. Here we

study the applicability of this model to explain anomalous behavior of the geff ≈ 4 resonance peak, as well as

discuss a classical interpretation of the observed phenomena. In particular, the influence of dipolar fields in the

films on the frequency-field dependencies for the «double quantum» absorption peak is of interest.
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1. INTRODUCTION

Magnetic nanoparticles and nanogranular struc-

tures exhibit unusual physical properties which are not

* E-mail: drovosekov@kapitza.ras.ru

typical of massive magnetic crystals, attracting the at-

tention of researchers from both fundamental and ap-

plied points of view [1–3]. An interesting concept as-

sociated with magnetic nanoparticles is the quantum-

classical duality of their nature. Within the framework

of this concept, a magnetic nanoparticle is considered

as an object occupying an intermediate position be-
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tween an isolated paramagnetic (PM) ion (quantum ob-

ject) and a macroscopic ferromagnet (classical object).

The well-known phenomenon of superparamagnetism

in nanoparticle ensembles can be interpreted as one of

the manifestations of such duality. More nontrivial ef-

fects of quantum mechanical nature are manifested in

magnetic resonance studies of nanoparticles [4–12].

In the works [13–16] we studied magnetic reso-

nance in films of metal-insulator nanogranular com-

posites MxD100−x with different compositions and per-

centage ratio x of metal («M») and dielectric («D»)

phases. The studied structures represent an array of

ferromagnetic (FM) metallic nanogranules randomly

distributed in a solid-state insulating medium (matrix).

It was found that in addition to the usual ferromag-

netic resonance (FMR) signal, the experimental spectra

contained an additional «anomalous» absorption peak

demonstrating a number of unusual properties: double

effective g-factor geff ≈ 4, non-standard conditions for

its excitation by longitudinal microwave (MW) mag-

netic field, and nonmonotonic dependencies of the peak

intensity on temperature.

Initially [13–15], the observed unusual peak was as-

cribed to electron paramagnetic resonance (EPR) of

isolated ions Fe3+ dispersed in the dielectric medium

between FM granules. Indeed, the presence of EPR

peak with geff ≈ 4.3 is quite common for systems con-

taining Fe3+ ions [2,5,17–20]. However, in our case, the

anomalous behavior of the observed peak could not be

explained satisfactorily within this approach.

In the work [16], it was shown that many of the

observed features of the spectra can be well explained

if we consider FM nanogranules as quantum objects

(PM centers) with a «giant» (S ∼ 102−104) spin

[4–12]. Within this approach, the appearance of a reso-

nance peak with effective g-factor geff ≈ 4 is associated

with the excitation of «double quantum» transitions

in the granules with a change in the spin projection

∆m = ±2. More detailed discussions of this model

and its experimental consequences are given below in

Section 3.

This work is devoted to further investigation of

the applicability of the concept of «multiple quantum»

transitions for describing the magnetic resonance fea-

tures of nanogranular composites. In particular, we de-

velop classical interpretation of the quantum mechan-

ical «giant spin» model. On this basis, we demon-

strate a principally different influence of dipolar fields

in nanocomposite films on the resonance frequency shift

for the conventional FMR line and the «double quan-

tum» peak.

2. SAMPLES AND EXPERIMENTAL
TECHNIQUES

Nanocomposite films of about 1 µm thickness

with the nominal composition (CoFeB)x(Al2O3)100−x
and (CoFeB)x(SiO2)100−x were synthesized on glass-

ceramic substrates by ion-beam sputtering of composite

targets [21, 22]. The content of the metallic ferromag-

netic phase Co40Fe40B20 (CoFeB) for different samples

varied within x ≈ 20−60 at. % according to the data of

energy dispersive X-ray microanalysis.

Transmission electron microscopy of synthesized

structures indicates that the obtained composites con-

sist of FM nanogranules CoFeB randomly distributed

inside the amorphous insulating oxide matrix [22, 23].

The granules have approximately spherical shape and

their average size (2–8 nm) increases smoothly with a

growth of the FM phase content x in the nanocompos-

ite. The number of magnetic atoms in the granules

can be estimated to change from ∼102 to ∼104 in the

investigated range of concentrations x.

The electron transport and static magnetic proper-

ties of the structures were investigated in sufficient de-

tail [22–25]. The percolation threshold of the compos-

ites under study lies in the vicinity of metal phase con-

tent x ∼ 50 at. %. According to static magnetization

data, the transition of the samples from superparamag-

netic to ferromagnetic behavior occurs approximately

in the same concentration range.

In this work, the nanocomposite samples are

studied by electron spin resonance in a wide range

of frequencies f = 7−80 GHz and temperatures

T = 4.2−360 K. The experimental spectra are recorded

sweeping the magnetic field (up to 24 kOe) at differ-

ent directions with respect to the film plane. In the

frequency range 7–38 GHz, a transmission-type spec-

trometer based on rectangular and tunable cylindrical

cavity resonators is used [13]. In the range 25–80 GHz,

a reflection from a shorted rectangular waveguide with

the studied sample inside is measured. When the static

magnetic field H is applied in the film plane, there is

a possibility to apply the high-frequency field h either

perpendicular (h ⊥ H) or parallel (h ‖ H) to the static

field («transverse» and «longitudinal» resonance exci-

tation geometries).

3. THEORETICAL REMARKS

3.1. Quantum mechanical «giant spin» model

In the works [4–12], the appearance of a peak with

a double effective g-factor geff ≈ 4 in magnetic reso-
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nance spectra of superparamagnetic nanoparticles was

explained within the framework of the quantum me-

chanical «giant spin» model. In this model, the FM

nanogranule is treated as a PM center with a very large

spin S ∼ 102−104. In an external field H , Zeeman

splitting of the energy levels of this spin occurs, ac-

cording to its projection m = −S... + S onto the field

direction (z-axis). An alternating MW magnetic field

h applied perpendicular to the static field at the reso-

nance frequency ω0 = γH , where γ is the gyromagnetic

ratio, leads to forced transitions between neighboring

energy levels of the granules (∆m = ±1). The proba-

bility amplitude of such «single quantum» transitions

Am+1
m is determined by non-diagonal elements of the

spin matrices Ŝ±:

Am+1
m =

√

S(S + 1)−m(m+ 1).

In the «giant spin» approximation S ≫ 1, this value

takes a simplified normalized form

Am+1
m

S
≈ A1 =

√

1−m2
z, (1)

where mz = −m/S is the projection of the unit mag-

netization vector onto the z-axis. Thus, in the clas-

sical limit, the probability amplitude of «single quan-

tum» transitions A1 is proportional to the amplitude

of the magnetization vector precession around the field

direction.

If only Zeeman splitting of the spin multiplet in a

magnetic field is considered, the «multiple quantum»

transitions with ∆m = ±2,±3, . . . are forbidden by

the angular momentum conservation law. However,

such transitions become possible in the presence of ad-

ditional anisotropic interactions in the system, for ex-

ample, in the presence of magnetic anisotropy of gran-

ules or intergranular dipole-dipole interactions [26,27].

In this case, the angular momentum can exchange be-

tween the spin subsystem and the crystal, which allows

the transitions with ∆m = ±2,±3, . . . inside the spin

multiplet. Moreover, such «multiple quantum» transi-

tions can be excited by MW field oriented both per-

pendicular and parallel to the static field.

Let us consider the simplest case of a weak uniax-

ial anisotropy in the nanogranules with effective field

HA ≪ H . Such anisotropy can arise in the granules

due to their non-spherical shape, crystalline structure,

or surface effects [4]. In the framework of perturbation

theory, the probability amplitude of «double quantum»

transitions between the levels m ↔ m + 2 is propor-

tional to [28, 29]

Am+2
m =

HA

H

Am+1
m Am+2

m+1

4S
p(θ),

where p(θ) is a function of angle θ between the

anisotropy axis and the external field, depending on

the resonance excitation geometry:

p(θ) =

{

sin 2θ for h ⊥ H,

sin2 θ for h ‖ H.
(2)

In the «giant spin» approximation S ≫ 1, the proba-

bility amplitude of the «double quantum» transitions

A2 is proportional to the square of the classical mag-

netization vector precession amplitude A1:

Am+2
m

S
≈ A2 =

1

4

HA

H
A2

1 p(θ). (3)

Thus, the presence of anisotropy allows for «double

quantum» excitations in magnetic particles.

3.2. Classical interpretation

The discussed quantum mechanical approach has

a simple classical analogy. The magnetic moment of a

classical particle placed in an external field H performs

a circular precession with a frequency ω0 = γH . At

this frequency, a conventional resonance occurs when a

transverse MW field is applied. The presence of mag-

netic anisotropy in the particle leads to a distortion of

the circular orbit of magnetization precession and the

appearance of multiple harmonics of the precessional

motion. Under these conditions, resonance absorption

of MW power is also possible at the corresponding mul-

tiple frequencies.

According to the general properties of quasi-

classical approximation, the quantum mechanical

transition amplitudes in classical limit transform to

Fourier components of classical motion at correspond-

ing frequencies [30]. Let us demonstrate it directly

solving the classical Landau – Lifshitz equations.

Similar to the quantum mechanical problem de-

scribed above, we consider a classical magnetic particle

with a weak uniaxial anisotropy. We introduce a co-

ordinate system such that the z-axis is directed along

the external field, and the anisotropy axis is oriented

in the xz-plane at an angle θ to the field. The energy

expression is

E = −µ
[

Hmz + (HA/2)(mx sin θ +mz cos θ)
2
]

, (4)
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where µ is the particle magnetic moment. The Lan-

dau – Lifshitz equations for the unit magnetization vec-

tor m will have the form

ṁx = −my − a
[

2mzmy cos
2 θ +mxmy sin 2θ

]

,

ṁy = mx + a
[

2mzmx cos 2θ + (m2
x −m2

z) sin 2θ
]

,

ṁz = a
[

mzmy sin 2θ + 2mxmy sin
2 θ
]

.

(5)

Here we introduced a parameter a = HA/2H and di-

mensionless time derivatives

ṁα = ω−1
0 dmα/dt,

where α = x, y, z.

We solve the resulting non-linear system as an ex-

pansion in powers of the small parameter a ≪ 1. The

mathematical aspects of this approach are described in

[31, 32]. In «zero» approximation (a = 0), the solution

of the system is obvious:

mx = A1 cosψ, my = A1 sinψ, mz = const,

where ψ = ω0t + ϕ. The precession phase ϕ is deter-

mined by the initial orientation of the magnetization

vector, and the amplitude A1 is connected with mz by

expression A1 = (1−m2
z)

1/2 which, obviously, coincides

with the quasi-classical Eq. (1).

In the first order in a, the solution of the system (5)

takes the form of Fourier expansion up to the second

harmonic (for more details, see Appendix):

mx,z = m̄x,z +A1x,z cosψ +A2x,z cos 2ψ,

my = A1y sinψ +A2y sin 2ψ.
(6)

Here ψ = ω1t + ϕ, where ϕ is determined by initial

conditions, and the main frequency ω1 is corrected as

compared to ω0:

ω1 = ω0

[

1 +
1

2

HA

H
m̄z(3 cos

2 θ − 1)

]

(7)

(see also [4]). In the xy-plane, the precession orbit

takes elliptical form, while an oscillating z-component

of magnetization arises at the main frequency ω1:

A1x,y = A1

(

1± 1

4

HA

H
m̄z sin

2 θ

)

,

A1z = −1

2

HA

H
A1m̄z sin 2θ.

(8)

At the same time, a non-zero harmonic at double fre-

quency ω2 = 2ω1 appears. Its amplitude components

by coordinates:

A2x,y =
1

4

HA

H
A2

1 sin 2θ,

A2z = −1

4

HA

H
A2

1 sin
2 θ.

(9)

The amplitude A1 in Eqs. (8), (9) is defined by Eq. (1),

where mz must be replaced by its time-averaged value

m̄z . As we can see, the second harmonics A2α of the

classical magnetization precession exactly reproduce

Eqs. (2), (3) for the probability amplitudes of double

quantum transitions in the «giant spin» model.

3.3. Linear response to microwave field

Now let us consider a statistical ensemble of mag-

netic particles described by Eqs. (5) placed in MW

magnetic field h. The average absorption power Q per

unit particle is given by

Q = −µ 〈m dh/dt〉 ,

where brackets 〈...〉 denote the thermal averaging. In

the usual way [33, 34], this power can be associated

with the imaginary part of the generalized susceptibil-

ity χ′′(ω) which describes the linear relation between

Q and the MW field energy ∼ h2:

Q =
1

2
ωh2χ′′(ω).

According to the fluctuation-dissipation theorem,

χ′′(ω) is related to the Fourier transform of the

correlation function 〈mα(0)mα(t)〉 [33, 34]:

χ′′(ω) =
ω

2kBT
µ2

∞
∫

−∞

〈mα(0)mα(t)〉 eiωtdt,

wheremα(t) is a variable component of unit magnetiza-

tion vector parallel to h and kB is Boltzmann constant.

Substituting mα(t) in the form of Fourier series (see

Eqs. (6)) and taking into account that the precession

phase ϕ is random, we get

χ′′(ω) =
π

4

ω

kBT
µ2
∑

q

〈

A2
qαδ(ω − ωq)

〉

.

Thus, the susceptibility χ′′(ω) represents a set of

absorption peaks at multiple resonance frequencies

ωq ≈ qω1. In the limit of identical precession frequen-

cies ω1 for all particles and infinite relaxation time τ ,

the peaks have the shape of delta functions δ(ω − ωq).

In the real situation, the peaks are broadened due to

the spread of ω1 (see Eq. (7)) and the presence of ther-

mal fluctuations (finite τ). Nevertheless, in the limit

of narrow peaks (HA ≪ H , ω−1 ≪ τ), their integral

intensities are defined by thermal averaging of squared

harmonics
〈

A2
qα

〉

.

Further we concentrate our interest on the intensity

of a weak second harmonic peak (A2 ∼ A2/A1 ∼ a).
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In this situation, with a sufficient accuracy, the thermal

distribution function ρ0 can be considered in «zero» ap-

proximation, taking into account only Zeeman energy

contribution E = −µHmz. Then, the peak intensities

are estimated to be proportional to

Iq =
κ

2

1
∫

−1

A2
qα ρ0 dmz , (10)

where [35]

ρ0 =
κ

2 shκ
eκmz , κ =

µH

kBT
.

In the case of the main resonance peak (q = 1)

excited by transverse MW field, Eq. (10) in

«zero» approximation yields the Langevin func-

tion I1 = L(κ) = cothκ − κ
−1. For the intensity of

«double quantum» excitations (q = 2), taking into

account Eqs. (9):

I2 =
1

4

(

HA

H

)2
κ − 3L(κ)

κ2
p2(θ).

This expression reproduces the result obtained within

the «giant spin» model [6, 7]. In the case of arbitrary

orientations of anisotropy axes in magnetic particles,

averaging the function p2(θ) over the total solid angle

Ω = 4π yields

〈p2(θ)〉Ω =
1

4π

∫

p2(θ) dΩ =
8

15

regardless of the orientation of the MW field with re-

spect to the static one. Thus, the intensity of the «dou-

ble quantum» absorption line does not depend on the

resonance excitation geometry and is determined by

I2 =
2

15

(

HA

H

)2
κ − 3L(κ)

κ2
. (11)

As an example, Fig. 1 demonstrates experimental reso-

nance spectra for one of the studied films measured at

different orientations of the MW field h relative to H.

We see that the intensity of the main peak («FMR»)

is proportional to the square of the transversal compo-

nent of h. The second peak is located at about half-

field with respect to the main peak and its intensity

does not depend on the h orientation. This behavior

is in accordance with the theoretical prediction for the

«double quantum» resonance line.

One more interesting feature of the function (11)

is its non-monotonic temperature dependence. At low

temperatures (κ ≫ 1), Eq. (11) gives linear depen-

dence I2 ∝ T . At high temperatures (κ ≪ 1), I2(T )
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Fig. 1. a — Room temperature absorption spectra for the

film (CoFeB)40(Al2O3)60 at a frequency f ≈ 31.0 GHz when

changing the resonance excitation geometry from transverse

(ϕh=0) to longitudinal (ϕh=90◦). b — Integral intensities

of the FMR line and the «double quantum» peak (2Q) as a

function of the angle ϕh. Points are experimental data, the

solid line is function cos2 ϕh, the dashed line is constant

follows the Curie law I2 ∝ T−1. The maximal value I2
is achieved at Tmax ≈ 0.29µH/kB which is dependent

on the particle magnetic moment µ (the resonance field

H is defined by experimental frequency).
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Fig. 2. Temperature dependencies of integral intensity

for the «double quantum» peak in nanocomposite films

(CoFeB)x(Al2O3)100−x (x ≈ 25−51 at.%). Symbols are

experimental data obtained at frequency f ≈ 25 GHz. Dot-

ted lines are the Curie law ∝ T−1 (for x ≈ 25 at.%) and

linear dependence (for x ≈ 51 at.%). Solid and dashed

lines correspond to Eqs. (11) and (13) respectively. The in-

set demonstrates the shape of the «double quantum» peak

(2Q) at different temperatures for the film with x ≈ 41 at.%

Figure 2 demonstrates different types of experimen-

tal dependencies I2(T ) for nanogranular films CoFeB–

Al2O3 with various content of the FM phase x, which

confirm the theoretical predictions. At low x («small»

magnetic particles µ ∼ 102µB , where µB is Bohr

magneton), we observe the Curie law I2(T ) ∝ T−1

down to T ≈ 10 K. Near the percolation threshold

(«large» magnetic particles µ ∼ 104µB), the depen-

dence I2(T ) is linear up to highest studied temperature

(360 K). For intermediate concentrations, the depen-

dencies I2(T ) are non-monotonic in qualitative agree-

ment with Eq. (11). The typical magnetic moment of

particles µ ∼ 103µB corresponds to Tmax ∼ 100 K.

Note that here we performed detailed consideration

of «double quantum» excitations in non-interacting

anisotropic granules. Another possible reason for re-

alization of such excitations is the presence of weak

dipole-dipole interactions between particles. The prop-

erties of the «double quantum» peak in this case prove

to be qualitatively similar. The expression for the

double-frequency amplitudes A2i, A2j of interacting

particles i, j has the same structure as Eq. (3) (see Ap-

pendix):

A2i,j =
1

4

HD

H
A1iA1j p(θij), (12)

where HD = 3µ/r3ij is an effective dipolar field at the

distance rij between the particles (HD ≪ H), and θij
is the angle between rij and H. The coefficient «3» in

the expression for HD comes from anisotropic part of

the dipolar energy. If the particles are located at ran-

dom angles θij , the intensity of the «double quantum»

peak is proportional to

Idip2 =
1

15

(

HD

H

)2
L2(κ)

κ
(13)

(see also [6, 7]). The principal features of the func-

tion (13) coinside with those of Eq. (11). The simi-

lar temperature dependence has a maximum at about

Tmax ≈ 0.37µH/kB. In practice, the shapes of the

curves (11) and (13) are very close to each other

(Fig. 2).

It is important to note that at T = 0, the linear sus-

ceptibility χ′′ vanishes at multiple resonance frequen-

cies (in particular I2 = 0, see Eqs. (11), (13)). Indeed,

the case T = 0 corresponds to pure classical FM state

of the particles. It is well-known that in this situation,

the multiple-frequency resonances can be excited only

in essentially non-linear regime [36, 37]. On the con-

trary, the presence of thermal magnetic fluctuations in

particles at T > 0 initiates the non-zero linear response

of the system at multiple resonance frequencies. We

have checked experimentally that in our case, we deal

with such linear dependence of absorption peak inten-

sities on the applied MW power.

4. EFFECTS OF SAMPLE SHAPE

In previous section, the theoretical consideration of

magnetic resonance in FM particles did not take into

account the existence of long-range dipolar interactions

in macroscopic ensembles of such particles. Meanwhile,

these interactions are known to have significant effect

on the resonance frequency when the average magne-

tization of the magnetic medium is sufficiently large

comparing with the resonance field. In this case, the

presence of long-range dipolar interactions («demagne-

tizing fields») results in additional shift of the reso-

nance frequency depending on the shape of the sample.

Application of MW field at the main resonance fre-

quency of the sample initiates a weak precession of its

average magnetization M. As a first «mean field» ap-
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proximation, the precession frequency is determined by

Landau – Lifshitz equation

dM/dt = γ[Heff(M),M], (14)

where the effective field Heff(M) is a function of M

depending on the sample shape. For random homo-

geneous distribution of magnetic particles, Heff(M)

is defined by demagnetizing tensor N̂ of the sample

and the local Lorentz field 4πM/3 inside the granular

medium [38]:

Heff(M) = H− N̂M+ 4πM/3.

Note that this simplified «mean field» approach

completely neglects the random distribution of local

anisotropy and dipolar fields inside the medium. How-

ever, such simplification seems reasonable, taking into

account relatively narrow and symmetric experimental

resonance peaks (Fig. 1) indicating low influence of

inhomogeneities. In the case of thin film, which is

of particular interest for us, the expression for the

effective field takes the form

Heff(M) = H− 4πM⊥ + 4πM/3, (15)

where M⊥ is vector component of magnetization nor-

mal to the film plane. Finding eigenfrequencies of lin-

earized Eq. (14), we come to usual Kittel formulae for

FMR frequencies at different orientations of the field

H with respect to the film plane:

ωFMR
‖ = γ

√

H(H + 4πM) for H ‖ plane,

ωFMR
⊥ = γ(H − 4πM) for H ⊥ plane.

(16)

Experimental absorption spectra of nanogranular

films clearly demonstrate the effects of demagnetizing

fields on the resonance peak positions (Fig. 3). In the

limit of low FM phase contents, the resonance fields for

both absorption peaks are independent on the magnetic

field orientation θH with respect to the film plane. The

position of the main «FMR» peak formally corresponds

to the effective g-factor geff ≈ 2.1 which is typical of

CoFeB alloy. The position of the «double quantum»

peak corresponds to double effective g-factor geff ≈ 4.2.

As the FM phase content grows, both peaks demon-

strate pronounce angular dependence of the resonance

field. For the main peak, the angular dependencies are

well described by usual equation system for FMR [39]

ω2/γ2 = [H cos(θH − θM )− 4πM sin2 θM ]×
× [H cos(θH − θM ) + 4πM cos 2θM ],

2H sin(θH − θM ) = 4πM sin 2θM ,

(17)
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Fig. 3. a — Room temperature absorption spectra for the film

(CoFeB)41(Al2O3)59 at a frequency f ≈ 25.0 GHz and differ-

ent orientations θH of the external field with respect to the

film plane. b — Resonance field as a function of the angle θH
for the FMR line (geff ≈ 2.1, solid symbols) and the «dou-

ble quantum» peak (geff ≈ 4.2, open symbols) in nanogran-

ular films CoFeB–Al2O3 with different FM phase content x.

Symbols are experimental data, lines are their approximation

(see text)
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where the second equation defines the equilibrium ori-

entation θM of the magnetization vector M with re-

spect to the film plane.

For the «double quantum» peak, the situation

proves to be more interesting. The naive approach

would suggest that the resonance frequency for this

peak should be just double the FMR frequency. In-

deed, it would be the case if we considered excitation

of FMR in a single FM particle. However, this naive

idea is not confirmed experimentally for the investi-

gated nanogranular films. This fact is better to il-

lustrate considering frequency-field dependencies f(H)

obtained in two experimental geometries for samples

with high 4πM values.

Figure 4 demonstrates dependencies f(H) for

CoFeB–Al2O3 nanogranular film with high concen-

tration of the FM phase x ≈ 48 at. %. The behavior

of the main (FMR) peak is well described by Kittel

Eqs. (16). Note that in contrast to the case of pure

ferromagnet with constant magnetization, we must

take into account the field dependence 4πM(H) due

to superparamagnetic effect. Within the «mean field»

approach, the value 4πM in Eqs. (16) is defined by

Langevin function of the effective field (15) depending

on the field direction [40, 41]:

4πM = 4πMSL

(

µHeff

kBT

)

, (18)

where MS is saturation magnetization and

Heff =

{

H + 4πM/3 for H ‖ plane,

H − 8πM/3 for H ⊥ plane.
(19)

Eqs. (18), (19) define the function 4πM(H) implicitly.

In practice, it is convenient to considerHeff as a param-

eter. Then the function 4πM(H) can be easily plotted

in parametric form.

In Fig. 4b, the experimental dependencies 4πM(H)

obtained from FMR data using Eqs. (16) are well

approximated by Eqs. (18), (19) with parameters

4πMS ≈ 7.7 kOe and µ ≈ 4.1 · 103 µB. Solid lines

in Fig. 4a are the resulting approximation of the

frequency-field dependencies for the FMR line by

Eqs. (16), (18), (19).

The dotted lines in Fig. 4a correspond to double

FMR frequencies (2ωFMR
‖ and 2ωFMR

⊥ ). In parallel ge-

ometry, they describe the experimental frequency-field

dependence of the «double quantum» peak satisfacto-

rily. However, there is a clear discrepancy with the

experiment in the normal geometry. The reason for

this is following.

Note that under FMR conditions, a coherent preces-

sion of the average magnetization M is excited in the
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Fig. 4. a — Frequency-field dependencies f(H) for the FMR

line (ωFMR) and the «double quantum» peak (ω2Q) in the

(CoFeB)48(Al2O3)52 film when the magnetic field is applied in

the sample plane (red circles) and normal to the plane (blue

squares). b — Field dependencies of demagnetizing field 4πM .

Symbols are experimental data (room temperature), lines are

calculations (see text)

film. In this case, in the Landau – Lifshitz equations

describing this precession, the torque associated with

the Lorentz field vanishes: [4πM/3,M] = 0. Thus, the

Lorentz field is absent in the Kittel formulae describing

the behavior of the usual FMR line in thin films.

On the contrary, when exciting the resonance at

the double frequency, the precession phases of indi-

vidual particles at the main frequency have a random

character (the phase shifts between the first and sec-

ond harmonics are defined by random orientations of

anisotropy axes in the particles). Under these condi-

tions, the coherent precession of the average magne-

tization M is absent, and the frequency ω2Q is simply

determined by the static value of the effective fieldHeff:

ω2Q = 2γHeff. (20)
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In particular, for simple experimental geometries «field

in plane» and «field normal to the plane», we get

ω2Q
‖ = 2γ (H + 4πM/3) for H ‖ plane,

ω2Q
⊥ = 2γ (H − 8πM/3) for H ⊥ plane.

(21)

Dashed lines in Fig. 4 a are plotted in accordance

with Eqs. (21) taking into account the dependencies

4πM(H) obtained from FMR data. As it is seen, these

formulae perfectly describe the experimental data for

the «double quantum» peak without additional fitting

parameters. Thus, in contrast to FMR, the resonance

at the double harmonic reveals the presence of the

Lorentz field in the film.

Eqs. (15), (20) also allow to calculate the resonance

field of the «double quantum» peak for arbitrary field

orientation with respect to the film plane:

Hr(θH) =

[

cos2 θH
(H0 −HL)2

+
sin2 θH

(H0 + 2HL)2

]−1/2

, (22)

where H0 = ω/2γ and HL = 4πM/3. In Fig. 3 b, the

experimental dependencies Hr(θH) for this peak are

well fitted by Eq. (22), while the FMR data are ap-

proximated by Eqs. (17).

Similarly, both frequency-field and orientational de-

pendencies for the film (CoFeB)60(SiO2)40 are well de-

scribed within the proposed approach (Fig. 5). It is

interesting, that the content of the FM phase is above

the percolation threshold for this sample, and its mag-

netization is almost field independent 4πM ≈ 4πMS .

However this sample still demonstrates the presence of

the «double quantum» peak, which seems due to exis-

tence of isolated FM nanogranules in the film besides

the macroscopic percolation clusters.

As a result, the entire set of experimental curves

in Fig. 5 is perfectly fitted using only two parame-

ters: 4πM ≈ 8.6 kOe and the gyromagnetic ratio

γ/2π ≈ 2.96 GHz/kOe (geff ≈ 2.1). The FMR data

are approximated by the conventional Kittel equations

(16, 17), while the behavior of the «double quantum»

peak is described by Eqs. (21), (22) taking into account

the Lorentz field in the film. For comparison, the dot-

ted line in Fig. 5 b is plotted according to Eqs. (17) for

FMR with double g-factor geff ≈ 4.2. Clearly, Eq. (22)

works much better (the dashed line).

In the end, we would like to discuss one more in-

teresting experimental result concerning the «double
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Fig. 5. a — Frequency-field dependencies f(H) for the FMR

line (ωFMR) and the «double quantum» peak (ω2Q) in the

(CoFeB)60(SiO2)40 film when the magnetic field is applied in

the sample plane (red circles) and normal to the plane (blue

squares). b — Dependencies of the resonance fields for two

peaks on the orientation of the magnetic field with respect to

the film plane. Symbols are experimental data (room temper-

ature, f ≈ 36.2 GHz), lines are calculations (see text)

quantum» peak. As it is seen in Figs. 4, 5, this peak dis-

appears in the region of high frequencies f > 60 GHz.

This effect becomes clear if we consider Eqs. (11), (13)

for the intensity of the «double quantum» excitations

I2. Indeed, according to these expressions, I2 should

decrease rapidly with increasing field. In the limit

of high fields, the ratio I2/I1 should follow the law

I2/I1 ∝ H−3. Now we must remember that within our

«mean field» approach, the magnetic field H must be

replaced by the effective field Heff inside the film. But

according to Eq. (20), Heff is proportional to the mea-

suring frequency f . Thus, the ratio of integral intensi-
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ties of the «double quantum» peak (I2Q) and the FMR

line (IFMR) should follow the law I2Q/IFMR ∝ f−3.

Figure 6 demonstrates that this relation is indeed

fulfilled at high frequencies. Note that the experimen-

tal points measured at different field orientations with

respect to the film plane coincide within experimental

accuracy. This result confirms the applicability of the

used «mean field» approach: despite the essential dif-

ference in the resonance fields in two geometries, the

intensity of the «double quantum» peak is defined only

by the effective field inside the film Heff which depends

only on the experimental frequency f .

5. CONCLUSION

Using the method of electron spin resonance, we

studied films of metal-insulator nanogranular compos-

ites CoFeB–Al2O3 and CoFeB–SiO2 representing en-

sembles of metallic superparamagnetic particles CoFeB

randomly distributed in insulating oxide matrices. The

experimental spectra, besides the conventional FMR

signal, contain an additional absorption peak demon-

strating a number of unusual properties: double effec-

tive g-factor geff ≈ 4, independence of the peak inten-

sity on the resonance excitation geometry (transverse
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Fig. 6. Ratio of integral intensities of the «double quantum»

peak and the FMR line (I2Q/IFMR) as a function of resonance

excitation frequency f . Experimental data are shown for two

films of different compositions for the magnetic field applied

parallel (squares) and normal (circles) to the film plane. Lines

are dependencies I2Q/IFMR ∝ f−3

or longitudinal), and non-monotonic dependencies of

its intensity on temperature.

The observed peculiar features of the experimen-

tal spectra are similar to those found for iron oxide

particles in polymer media in a set of works [5–12].

In these works, the magnetic resonance spectra were

treated in terms of quantum mechanical «giant spin»

model, considering FM particles as PM centers with

very large spins S ∼ 102−104. The appearance of

«anomalous» peak with a double effective g-factor was

explained by the excitation of double quantum tran-

sitions in these PM centers with a change in the spin

projection ∆m = ±2.

In contrast to these previous works, here we pro-

posed pure classical approach to treat the «multiple

quantum» excitations in magnetic particles. Within

this approach, the absorption of MW power by clas-

sical magnetic moments occurs at multiple harmonics

of their precessional motion. This effect is possible

when the circular precession of the magnetic moment

is disturbed in the presence of magnetic anisotropy or

dipole-dipole interactions between the particles. It is

important that ensembles of superparamagnetic parti-

cles demonstrate a linear response to the MW field at

multiple resonance frequencies, in contrast to a macro-

scopic ferromagnet. Both the quantum mechanical «gi-

ant spin» and the classical approaches are equivalent.

The choice of one or another model can be made for

reasons of convenience.

The observed experimental features of the mag-

netic resonance spectra are well explained within the

proposed theoretical concepts. In particular, we note

the principally different influence of long-range dipolar

fields on the resonance frequencies for the conventional

FMR line and the «double quantum» peak. Besides the

usual demagnetizing fields, the presence of the Lorentz

field in nanogranular films leads to an observed addi-

tional frequency shift of the «double quantum» peak.
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SOLUTION OF LANDAU– LIFSHITZ
EQUATIONS

Magnetic particle with uniaxial anisotropy

We note, that the system of Landau – Lifshitz equa-

tions (5) can be reduced to a single differential equation

of the second order. For this purpose, we need to con-

sider new coordinate system rotated around y-axis by

an angle θ so that the new axis z′ is aligned with the

anisotropy direction. In this new coordinate system,

the energy of the particle (4) normalized to µH takes

the form

ε=−mz−am2
A=−mA cos θ+m⊥ sin θ−am2

A, (23)

where ε = E/µH , a = HA/2H , mA and m⊥ are the

projections of unit magnetization vector onto axes z′

and x′ (parallel and perpendicular to the anisotropy

axis). The Landau – Lifshitz equation for the compo-

nent mA takes the form

ṁA = −my sin θ. (24)

The component my is determined from the condition

|m| = 1:

my = ±
√

1−m2
A −m2

⊥. (25)

The component m⊥ can be expressed as a function of

mA from Eq. (23), using the condition of energy con-

servation ε = const:

m⊥ = (ε+mA cos θ + am2
A)/ sin θ. (26)

Substituting (26) into (25) and then (25) into (24), we

obtain the differential equation for mA:

ṁA = ±
√

(1−m2
A) sin

2 θ − (ε+mA cos θ + am2
A)

2.

Taking the second time derivative, the square root in

the right part disappears, and we obtain a typical equa-

tion for one-dimensional anharmonic oscillator [32]:

m̈A + b0 + b1mA + b2m
2
A + b3m

3
A = 0, (27)

where b0 = ε cos θ, b1 = 1+2εa, b2 = 3a cos θ, b3 = 2a2.

In the limit of small a≪ 1, its solution has the form of

Fourier cosine series [32]

mA = C0 + C1 cosψ + C2 cos 2ψ + ... (28)

where ψ = ωt+ϕ. The frequency ω and coefficients Cq
can be defined by direct substitution of Eq. (28) into

Eq. (27). In particular, in the first order in a, the sec-

ond harmonic C2 is connected with the main harmonic

C1 by expression

C2 =
b2
6
C2

1 =
a

2
C2

1 cos θ.

The higher harmonics have higher order in a. The mag-

netization components mα (α = x, y, z) in the original

coordinate system can be calculated from mA using

Eqs. (23), (24) and the relation

mA = mz cos θ +mx sin θ.

They take the form of Fourier series (6) with second

harmonic amplitudes given by

A2x,y = aC2
1

cos θ

sin θ
, A2z = −a

2
C2

1 .

In zero approximation, the coefficient C1 is connected

with the main precession amplitude A1 by expression

C1 = A1 sin θ. Thus, we reproduce Eqs. (9) for the sec-

ond harmonic amplitudes which can also be obtained

by direct substitution of Eqs. (6) into Landau – Lifshitz

Eqs. (5) as it is shown in Section 3.2. In this way, of

course, we can also reproduce Eqs. (7), (8) obtained in

Section 3.2.

Two dipolar coupled magnetic particles

Let us consider Landau – Lifshitz equations with-

out dissipation for two identical particles with magnetic

moments µi (i = 1, 2):

dµi
dt

= γ [Hi × µi] .

Here Hi is an effective field acting on the particle i,

including dipolar field produced by the particle j 6= i:

Hi = H− µj

r3ij
+

3(µj · rij)rij
r5ij

,

where rij is a space vector from the particle i to j.

Now we introduce a coordinate system such that z-axis

is aligned in the direction of the external field H, and

the vector rij is oriented in the xz-plane at an angle

θij with z-axis. Introducing unit magnetization vectors

mi = µi/µ, dimensionless time t′ = ω0t and a small

parameter c = µ/Hr3ij , the Landau – Lifshitz equations

for the components mix and miy take form

ṁix=−miy−c [p1mjzmiy+mizmjy+p3mjxmiy ],

ṁiy = mix + c [p1mjzmix − p2mizmjx +

+ p3mjxmix − p3mizmjz ],

(29)

where

p1 = 3 cos2 θij − 1, p2 = 3 sin2 θij − 1,

p3 = 3 sin θij cos θij .
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In «zero» approximation (c = 0), the solution

of Eqs. (29) represents two independent harmonic

oscillators:

m
(0)
ix = A1i cosψi, m

(0)
iy = A1i sinψi,

where ψi = ωit + ϕi. In the presence of weak interac-

tion, we obtain two coupled nonlinear oscillators. The

general solution can be non-periodic with amplitudes

and phases being «slow» time-dependent functions. At

small time scales, as a first approximation, the relation

between first and second harmonics can be found by

substitution:

mix = A1i cosψi +A2ix cos(ψ1 + ψ2) + c (...),

miy = A1i sinψi + A2iy sin(ψ1 + ψ2) + c (...).
(30)

Here the second harmonic amplitudes A2 ∼ c, and

c (...) stands for other weak combination harmonics

which are of no interest for us. The components miz

appear in Eqs. (29) in combinations ∼ cmiz. Thus, in

the first order in c, we can put miz = m̄iz = const.

After substitution of Eqs. (30) into Eqs. (29), we get

A2ix,y =
1

2
cp3A1iA1j =

1

4

HD

H
A1iA1j sin 2θij , (31)

where HD = 3µ/r3ij . The component miz can be calcu-

lated integrating the third Landau – Lifshitz equation

ṁiz = c [p3mjzmiy + p2mjxmiy +mixmjy] .

Substituting Eqs. (30) to the right part, we obtain for

the second harmonic:

A2iz = −1

4
c (p2 + 1)A1iA1j =

= −1

4

HD

H
A1iA1j sin

2 θij . (32)

Thus, Eqs. (31), (32) lead to Eq. (12).
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