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onsistent and 
omputationally e�
ient sto
hasti
 statisti
al approa
h (SSA) is developed to study the ki-neti
s of nu
leation and evolution of nano-sized pre
ipitates in alloys. To in
rease the a

ura
y of the method,many re�nements of the previous simpli�ed versions of this approa
h have been made. We 
onsider a realisti
va
an
y-mediated ex
hange kineti
s rather than the simpli�ed dire
t-atomi
-ex
hange model; use quantitative,
luster statisti
al methods rather than simple mean-�eld-type approximations; allow strong 
on
entration andtemperature dependen
es of generalized mobilities in the resulting kineti
 equations; 
onsider realisti
 alloymodels based on �rst-prin
iple 
al
ulations, and so on. We also introdu
e the �maximum thermodynami
 gain�prin
iple to determine the key kineti
 parameter of the SSA, the 
hara
teristi
 length of lo
al equilibrium inthe 
ourse of the nu
leation pro
ess. For several realisti
 models of iron�
opper alloys studied, the results ofthe SSA-based simulations of pre
ipitation kineti
s made in this work agree well with the kineti
 Monte Carlosimulation results for all main 
hara
teristi
s of the mi
rostru
ture. The approa
h developed is also used tostudy the kineti
s of nu
leation and 
hanges in mi
rostru
tural evolution under variations of temperature or
on
entration.1. INTRODUCTIONStudies of mi
rostru
tural evolution in phase-sepa-rating alloys attra
t interest from both fundamentaland applied standpoints. On the fundamental side, elu-
idation of mi
ros
opi
 me
hanisms for the formationand evolution of embryos of new phases arising under�rst-order phase transitions is one of the prin
ipal prob-lems in statisti
al physi
s that is still not well under-stood [1�4℄. On the applied side, understanding fa
torsthat determine di�erent mi
rostru
ture 
hara
teristi
sformed under pre
ipitation is important for 
ontrollingthese 
hara
teristi
s, espe
ially for alloys with nano-si-zed pre
ipitates, whi
h attra
t mu
h attention in 
on-ne
tion with industrial appli
ations [5�8℄.Presently, theoreti
al studies of the pre
ipitation*E-mail: vaks�mbslab.kiae.ru

kineti
s typi
ally use either the phase��eld method(PFM) [9�14℄ or Monte Carlo modeling [4; 15�18℄.However, using the phase��eld methods to des
ribe nu-
leation and evolution of nano-sized pre
ipitates 
an bemisleading for three reasons at least. First, the �
on-tinuous� approximation used in the PFM disregardsthe dis
rete latti
e e�e
ts that should be important at�rst stages of nu
leation when typi
al pre
ipitate sizesare few latti
e 
onstants. Se
ond, at the 
on
entra-tion and temperature values typi
al for appli
ations,the mean-�eld-type CALPHAD expressions for ther-modynami
 potentials standardly used in the PFM stu-dies [9�13℄ are shown in what follows to strongly distortthe position of spinodals, and hen
e using these expres-sions 
an drasti
ally distort the type of mi
rostru
turalevolution. Third, treatment of �u
tuative terms (whi
hare 
ru
ial at the nu
leation stage) in the �sto
hasti
PFM� versions used in appli
ations until now [9, 10℄479
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onsistent [19, 20℄, whilethe 
orre
t des
ription of these terms determines all themain 
hara
teristi
s of the mi
rostru
ture.Therefore, the only reliable sour
e of theoreti
al in-formation about nu
leation and evolution of nano-sizedpre
ipitates is the Monte Carlo modeling, in parti
ular,the kineti
 Monte Carlo approa
h (KMCA) developedin Refs. [4; 15�18℄. However, present versions of theKMCA are time-
onsuming, whi
h may partly explaina relatively small number of appli
ations of this methodto spe
i�
 systems [17, 18℄. Moreover, the latti
e mis�tand elasti
 strain e�e
ts, whi
h are important for manyphase-separating alloys, 
annot be easily taken into a
-
ount in the KMCA, while this 
auses no problems instatisti
al approa
hes [21℄. Finally, in the KMCA, itis often di�
ult to follow the dependen
e of various
hara
teristi
s of the evolution on thermodynami
 andmi
ros
opi
 parameters of an alloy, su
h as the 
om-position, temperature, di�erent intera
tion 
onstants,while this is usually mu
h simpler to do using statisti
almethods based on some analyti
 relations. Therefore,the development of a 
onsistent statisti
al theory thattakes all a
hievements of the KMCA into a

ount seemsto be very important for a deeper understanding of thephase separation kineti
s.Re
ently, Stroev et al. [20℄ (SPV) presented an at-tempt to develop su
h a theory using the sto
hasti
statisti
al approa
h (SSA) des
ribed in Se
. 3.2 below.To illustrate the main ideas of this approa
h, SPV usedonly the simplest methods and models, su
h as themean �eld approximation (MFA), 
ontinuous approx-imations, the dire
t-atomi
-ex
hange (rather than theva
an
y ex
hange) kineti
 model, oversimpli�ed inter-a
tion models, and so on, while no attempts of a quan-titative treatment of realisti
 alloy models have beenmade.The main aim of this paper is to in
rease the a

u-ra
y and the predi
tive power of the SSA in des
ribingthe pre
ipitation kineti
s for realisti
 alloy models upto the level 
omparable to that of the KMCA. For this,we perform detailed studies of nu
leation and evolutionof nano-sized pre
ipitates in Fe�Cu alloys using boththe KMCA [16, 18℄ and the SSA. This requires manyre�nements of simple models used by SPV. We have to
onsider the realisti
 va
an
y-mediated ex
hange kinet-i
s rather than the simpli�ed dire
t-atomi
-ex
hangemodel; to use the quantitative, 
luster statisti
al meth-ods rather than the simple MFA; to allow strong 
on-
entration and temperature dependen
es of generalizedmobilities in the resulting kineti
 equations, and so on.All these re�nements are made in the present work.We also introdu
e the �maximum thermodynami
 gain�

prin
iple to determine the key kineti
 parameter of theSSA, the 
hara
teristi
 length of lo
al equilibrium inthe 
ourse of the nu
leation pro
ess.In Se
. 2, we dis
uss the methodologi
al problemsmentioned above: generalizations of our statisti
al ap-proa
h to the va
an
y-mediated kineti
s 
ase; using
luster methods for both thermodynami
 and kineti
statisti
al 
al
ulations; elaboration of e�e
tive methodsfor 
al
ulations of the e�e
tive mobilities that enter theresulting kineti
 equations, and so on. We also genera-lize the previously suggested �equivalen
e theorem� [22℄that allows redu
ing the va
an
y-mediated kineti
s tothat for some equivalent dire
t-ex
hange models. InSe
. 3, we re
all the basi
 ideas of the 
lassi
al theory ofnu
leation and present the main equations of the SSA.In Se
. 4, we dis
uss the models and the methods ofsimulations used and des
ribe the �maximum thermo-dynami
 gain� prin
iple suggested to estimate the lo
alequilibrium length. In Se
. 5, we dis
uss the features ofmi
rostru
tural evolution observed in the KMCA andSSA simulations for various alloy states. We also usethe SSA to study kineti
s of nu
leation and the in�u-en
e of temperature or 
on
entration variations on theevolution of the mi
rostru
ture. Our main 
on
lusionsare summarized in Se
. 6.2. QUASI-EQUILIBRIUM KINETICEQUATIONS FOR VACANCY-MEDIATEDKINETICS IN SUBSTITUTIONAL ALLOYS2.1. General equations for mean o

upations oflatti
e sitesIn this se
tion, we derive kineti
 equations for meano

upations of latti
e sites disregarding �u
tuations ofatomi
 �uxes that lead to lo
al violations of the se
-ond law of thermodynami
s. These �quasi-equilibriumkineti
 equations� (QKE) di�er from the sto
hasti
 ki-neti
 equations dis
ussed below (whi
h do take su
h�u
tuations into a

ount) and generalize those used bySPV [20℄ for simpli�ed dire
t-atomi
-ex
hange modelsto more realisti
, va
an
y-mediated-ex
hange (VME)models. We also generalize a similar treatment of theVME kineti
s by Belash
henko and Vaks [22℄ (BV) tomore realisti
 VME models used in Refs. [16, 18℄ andbelow.We 
onsider a substitutional alloy with m+1 
om-ponents p0 that in
lude atoms of m di�erent spe
ies,p = p1; p2; : : : ; pm, and va
an
ies v: p0 = fp; vg. Thedistributions of atoms over the latti
e sites i are de-s
ribed by the di�erent o

upation number sets fnp0i g,where the operator np0i is 1 when the site i is o

upied480
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hasti
 statisti
al theory of nu
leation : : :by a p0-spe
ies 
omponent and 0 otherwise. For ea
hi, these operators satisfy the identity Pp0 np0i = 1, andhen
e only m of them are independent. It is 
onvenientto mark the independent operators with Greek letters� or �: (np0i )indep = n�i , while the remaining operatorsdenoted as nhi are expressed via n�i :nhi = 1�X� n�i : (1)For dilute alloys, it is 
onvenient to set �h� in (1) to bethe host 
omponent, e. g., h = Fe for Fe�Cu�v alloys.In terms of all operators np0i , the 
on�gurationalHamiltonian H 0 (supposed to be pairwise for simpli
-ity) 
an be written asH 0 = 12 Xp0q0;ij V p0q0ij np0i nq0j : (2)After elimination of the operators nhi a

ording to (1),Hamiltonian (2) takes the formH = E0 +X�i '�n�i +Hint;Hint = X��;i>j v��ij n�i n�j (3)whi
h in
ludes only the independent n�i , while the 
on-stants E0 and '� and the �
on�gurational intera
tions�v��ij are linearly expressed in terms of the 
ouplingsV p0q0ij in (2), in parti
ular,v��ij = (V �� � V �h � V h� + V hh)ij : (4)The fundamental master equation for the probability Pof �nding an o

upation number set fn�i g = � is [21℄:dP (�)dt =X� [W (�; �)P (�)�W (�; �)P (�)℄ � ŜP; (5)where W (�; �) is the � ! � transition probability perunit time. Adopting the 
onventional �transition state�model for the probabilitiesW [4, 15, 16, 18℄, we 
an ex-press the transfer matrix Ŝ in (5) in terms of the pro-bability of an elementary inter-site ex
hange (�jump�)pi
 vj between neighboring sites i and j:W pvij = npi nvj!pv exp[��(ÊSPpi;vj � Êinpi;vj)℄; (6)where !pv is the attempt frequen
y, � = 1=T is the re-
ipro
al temperature, ÊSPpi;vj is the saddle-point energy,and Êinpi;vj is the initial (before the jump) 
on�gura-tional energy of the jumping atom p and the va
an
y.The saddle-point energy ÊSPpi;vj , generally, depends on

the atomi
 
on�guration near the bond ij (whi
h is ne-gle
ted in simpli�ed kineti
 models [4, 15, 22℄). We de-s
ribe this dependen
e by the model used in Refs. [16℄and [18℄, assuming the saddle-point energy to dependonly on o

upations of latti
e sites l nearest to the 
en-ter of the ij bond (these sites are denoted by lijnn):ÊSPpi;vj = Xq;l=lijnn "pq nql = Eph � �̂pij : (7)Here, Eph is the saddle-point energy for the pure hostmetal, and the operator �̂pij des
ribes 
hanges in thisenergy due to a possible presen
e of minority atomsnear the bond:Eph = zbnn"ph; �̂pij = X�; l=lijnn�p�n�l ; (8)where zbnn is the total number of nearest latti
e sites lfor ea
h bond (whi
h is zbnn = 6 for a BCC latti
e) and�p� = ("ph � "p�).As dis
ussed in detail in [21℄, under the usual 
ondi-tions of phase transitions 
orresponding to the absen
eof external �uxes of parti
les or energy (that is, whenthe alloy is not an �open� but a �
losed� statisti
al sys-tem), the distribution fun
tion P (�) = Pfn�i g in (5)
an be written asPfn�i g = exp24�0�
+X�i ��i n�i �Hint1A35 : (9)The parameters ��i (whi
h are both time- and spa
e-dependent in general) 
an be 
alled �site 
hemi
al po-tentials� for �-spe
ies atoms; Hint is the same as in (3);and the generalized grand 
anoni
al potential 
 is de-termined by normalization. The analogous equation(10) of BV [22℄ (who treated both 
losed and opensystems) di�ers from (9) by repla
ing the intera
tionHamiltonian with a more general �quasi-intera
tion�operator Q. For the 
losed systems dis
ussed in thiswork, Q = Hint, and this relation greatly simpli�es thekineti
 equations dis
ussed below 
ompared to those ofBV.Multiplying Eq. (5) by operators n�i and summingover all 
on�gurational states, i. e., over all number setsfn�i g, we obtain the set of equations for mean o

upa-tions of sites (�lo
al 
on
entrations�) 
�i = hn�i i:d
�idt = hn�i Ŝi; (10)where h(: : : )i = Trf(: : : )Pg denotes averaging over thedistribution P , for example,5 ÆÝÒÔ, âûï. 3 481
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�i = hn�i i = Xfn�j g 
�i Pfn�j g: (11)After a number of manipulations des
ribed byBV, Eqs. (10) 
an be transformed into the QKE formean o

upations 
�i . These equations are similar toEqs. (19) and (42) of BV [22℄ but in
lude generaliza-tions and simpli�
ations mentioned above:d
�idt = Xjnn(i) 
�vb�ij(�vi ��j � �vj ��i ); (12)d
vidt = Xjnn(i)24�vj 0�
hvbhij +X� 
�vb�ij��i 1A �� fi! jg35 : (13)Here and hereafter, Greek indi
es �; � : : : 
orrespondto the minority atoms; the symbol �v� is used for va-
an
ies; the index nn means �nearest neighbors�, and�jnn(i)� means summation over sites j that are nearestneighbors of the site i. The term 
pv in (13) (where pis � or h, i. e., a minority or host atom) is the e�e
tiveex
hange rate p 
 v for a pure host metal. This term
an be written in a form similar to Eq. (6):
pv = !pv exp(��Epva
 ); (14)where !pv is the same as in (6), while Epva
 is the e�e
-tive a
tivation energy expressed in terms of the saddle-point energies Eph in (8) and 
ouplings V p0q0ij in (2) asEpva
 = Eph �Xj (V phij + V vhij ) + V hhnn : (15)We note that for minority atoms p = �, expressions(15) di�er from analogous a
tivation energies Epva
;MCused in the KMCA and given by Eq. (2.5) in Ref. [16℄:E�va
 = E�va
;MC + v�vnn; Ehva
 = Ehva
;MC : (16)The di�eren
e arises be
ause in the statisti
ally ave-raged Eqs. (12) and (13), probability (6) is averagedover distribution (9), and for the inter-site ex
hange�i
 vj, it leads to an extra Gibbs fa
tor exp(��v�vij )in the averaged probability.The quantities bpij in (13) (to be 
alled �
orrelators�for brevity) are 
ertain averages of site o

upations thatdes
ribe the e�e
t of minority atoms in a vi
inity of thebond ij on the pi
 vj jump probability:

bpij = *nhi nhj exp"X�l �(u�il + u�jl)n�l ++ X�; l=lijnn ��p�n�l 35+ ; (17)where �p� is the same as in (8), while the quantities u�il(to be 
alled �kineti
 intera
tions� be
ause they a�e
tonly the e�e
tive jump probabilities but not thermo-dynami
 properties) are related to the 
ouplings V p0q0ijin (2) as u�il = V �hil � V hhil : (18)Finally, the quantities �vi and ��i in (13) and (12) 
anbe 
alled �site thermodynami
 a
tivities� for va
an
iesand �-spe
ies atoms be
ause they are related to thesite 
hemi
al potentials ��i in (9) as�vi = exp(��vi ); ��i = exp(���i ); (19)that is, similarly to the relations between 
onventionalthermodynami
 a
tivities and 
hemi
al potentials.2.2. Cal
ulations of the site 
hemi
alpotentials ��i and 
orrelators bpijTo solve QKE (13), we need expli
it expressionsfor the site 
hemi
al potentials ��i = ��i (
j) deter-mined by Eqs. (11), and for 
orrelators bpij = bpij(
k)determined by Eqs. (17). To �nd these expressions,we should use some approximate method of statisti
alphysi
s, su
h as the MFA or 
luster methods [21℄. Asdis
ussed in detail in [23, 24℄ and below, at the realisti
values of the 
ouplings v��ij that signi�
antly ex
eed thetemperature T (whi
h is typi
al, in parti
ular, for theiron�
opper alloys under 
onsideration), using the MFAleads to great errors in 
al
ulations of thermodynami
potentials, whi
h ex
ludes any realisti
 des
ription. Atthe same time, the pair 
luster approximation (PCA)usually 
ombines the simpli
ity of 
al
ulations with arather high a

ura
y, parti
ularly at low 
 and T under
onsideration (see, e. g., [23�25℄). For the site 
hemi
alpotentials ��i , we therefore use their PCA expressions,whi
h for a binary alloy ABv with minority atoms A,host atoms B, and a realisti
ally small 
on
entration ofva
an
ies 
vi � 1 are given by Eqs. (39) of BV:�i = T 24ln� 
i
hi �+Xj 6=i ln(1� gij
j)35 ; (20)�vi = T 24ln� 
vi
hi ��Xj 6=i ln(1 + gvij
j)35 : (21)482
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hasti
 statisti
al theory of nu
leation : : :Here, �i = �Ai , 
i = 
Ai , 
hi = (1 � 
i � 
vi ) � (1 � 
i),and the fun
tion gij or gvij is expressed in terms ofthe Mayer fun
tion fij = [exp(��vij) � 1℄ or fvij == [exp(��vvAij )� 1℄ for the potential vij � vAAij or vvAijde�ned in (4),vij = V AAij � 2V ABij + V BBij ;vvAij = V vAij � V Bvij � V ABij + V BBij ; (22)as follows:gij = 2fij=[Rij + 1 + fij(
i + 
j)℄;gvij = 2fvij=[Rij + 1 + fij(
i � 
j)℄;Rij = �[1+(
i+
j)fij ℄2�4
i
jfij(fij+1)	1=2 : (23)We also present the PCA expression for the freeenergy F of a binary alloy [21℄, to be used in Se
. 4.2below in dis
ussing the thermodynami
s of pre
ipita-tion:F =Xi T ln 
hi � T 12Xij ln(1� gij
i
j) ++Xi �i
i; (24)where gij is the same as in (23). If the tempera-ture T mu
h ex
eeds the 
ouplings vij , T � vij ,PCA expressions (20) and (24) transform into the MFAones [21℄. However, as mentioned, the opposite inequa-lity T � vij typi
ally holds in situations of pra
ti
alinterest, and using the MFA is misleading.We now dis
uss the 
al
ulation of the 
orrelatorsbpij in (17). For simpli
ity, we �rst 
onsider the 
ase of
on�guration-independent saddle-point energies whenthe di�eren
es �p� in Eqs. (8) and (17) vanish and the
orrelators bpij = bij are independent of the kind of ajumping atom p. Using the identities(n�l )2 = n�l ; n�l n�l = n�l Æ�� ; n�l nhl = 0;exp(xn�l ) = 1 + n�l f(x); f(x) = (ex � 1); (25)we 
an rewrite Eq. (17) asbij = *nhi nhj ktYl=1 1 +X� f�l n�l !+ == ktXk=0 Xl1 6=:::lk X�1:::�k 
nhi nhj n�1l1 : : : n�klk ��� f�1l1 : : : f�klk ; (26)where we set f�l = f(�u�il + �u�j l) (27)

with f(x) from (25), and kt in (26) is the totalnumber of sites with nonzero values of potentialsu�il + u�j l. For example, for the nearest-neighbor ornext-to-nearest-neighbor intera
tion models in a BCClatti
e, we have kt = 14 or kt = 20.To �nd averages over distribution (9) in (26), weshould again use some approximate method of 
al
u-lations, su
h as the MFA, PCA, or higher-order 
lus-ter approximations [21, 25℄. However, for most ofthe systems of pra
ti
al interest, in parti
ular, for theiron�
opper alloys dis
ussed below, we 
an apparentlyuse the simple MFA in (26), repla
ing ea
h operatorn�l with its mean 
�l = hn�l i. This seems to be jus-ti�ed be
ause the fun
tions f�l in Eqs. (26) and (27)for su
h systems are typi
ally rather large (for exam-ple, f(�u1) & 5 for the systems des
ribed in Table 3below). Therefore, the main 
ontributions to sum (26)
ome from averages of produ
ts of many di�erent op-erators n�l 
orresponding to well-separated and weakly
orrelated sites l. In parti
ular, for the BCC latti
e,these produ
ts (even for the nearest-neighbor intera
-tion model) in
lude terms with the neighbors from the�rst to the tenth, most often third and fourth. Corre-lations of o

upations for so distant latti
e sites shouldtypi
ally be small, and hen
e using the MFA that ne-gle
ts su
h 
orrelations should be adequate.In the MFA, Eq. (26) takes the formbij = 
hi 
hj ktXk=0 Xl1 6=:::lm 6=i;j X�1:::�k 
�1l1 : : : 
�klk �� f�1l1 : : : f�klk : (28)To further simplify this expression, we 
an take intoa

ount that spatial variations of the lo
al 
on
entra-tion 
�l arising in the 
ourse of alloy de
omposition aretypi
ally rather smooth, espe
ially at the nu
leationstage (for whi
h an adequate des
ription of kineti
 
o-e�
ients that in
lude the 
orrelators bij is most impor-tant), see, e. g., Figs. 20�22 below. Hen
e, the 
�l valuesfor sites l adja
ent to the ij bond that enter Eq. (28)are usually 
lose to both the 
�i and 
�j , as well as totheir mean �
 �ij = (
�i + 
�j )=2: (29)Therefore, to avoid unne
essary 
omputational 
ompli-
ations, we 
an approximate ea
h 
�l in Eq. (28) by themean (29). This allows writing the 
orrelator bij in (28)in a simple analyti
 form,bij = 
hi 
hj ktYl6=i;j 1 +X� �
 �ij f�l ! : (30)483 5*
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e des
ribed by the se
ond-neighbor intera
tion modelwith two kineti
 intera
tion 
onstants u1 and u2, weobtainbij = 
hi 
hj [1 + �
ijf(�u1 + �u2)℄6 �� [1 + �
ijf(�u1)℄8[1 + �
ijf(�u2)℄6; (31)where the supers
ript � = A in 
 �ij and u�n is omittedfor brevity.When the di�eren
es �p� in Eqs. (8) and (17) arenonzero, the 
orrelator bpij in Eq. (17) 
an be 
al
ulatedin the same way as bij in Eqs. (26)�(31). The di�eren
earises only for sites l = lijnn adja
ent to the ij bond, forwhi
h the fa
tors f�l de�ned by Eq. (27) are repla
edby analogous fa
tors f�p� de�ned asf�p� = f(�u�il + �u�j l + ��p�): (32)In parti
ular, for the BCC binary alloy ABv with thenext-to-nearest-neighbor intera
tion, instead of (31),we obtainbpij = 
hi 
hj [1 + �
ijfAp� ℄6 �� [1 + �
ijf(�u1)℄8[1 + �
ijf(�u2)℄6; (33)where fAp� = f [�(u1 + u2 +�p)℄ and �p = "ph � "pA.2.3. Equivalen
e of pre
ipitation kineti
s forva
an
y-mediated ex
hange models to that for
ertain dire
t-ex
hange modelsIn this se
tion, we show that the VME kineti
s de-s
ribed by Eqs. (12) and (13) 
an usually be des
ribedin terms of 
ertain equivalent dire
t-atomi
-ex
hange(DAE) models. This generalizes the analogous �equiv-alen
e theorem� derived by BV.We �rst note that the va
an
y a
tivity �vi == exp(��vi ) in Eqs. (12) and (13) is proportional tothe va
an
y 
on
entration 
vi . This is illustrated byEqs. (21) and is a
tually a general relation of thermo-dynami
s of dilute solutions. Therefore, time deriva-tives of mean o

upations are proportional to the lo-
al va
an
y 
on
entration 
vi or 
vj , whi
h is naturalfor the va
an
y-mediated kineti
s. Be
ause 
vi is verysmall in real alloys, this implies that the relaxationtimes of atomi
 distribution f
�i g are by a fa
tor 1=
vigreater than the time of the relaxation of va
an
ies atthe given f
�i g to their �quasi-equilibrium� distribution
vi f
�i g, for whi
h the right-hand side of Eq. (13) van-ishes. Therefore, dis
arding small 
orre
tions of therelative order 
vi � 1, we 
an rewrite Eq. (13) as

0 = Xjnn(i)"�vj  
hvbhij +X� 
�vb�ij��i ! �� fi! jg35 ; (34)whi
h 
an be 
alled �the adiabati
ity equation� for theva
an
y a
tivity �vi . Solving this linear equation, we
an, in prin
iple, express �vi in terms of 
�j . Substitut-ing these �vi (
�j ) in Eq. (12) then yields the QKE forsome equivalent DAE model.To illustrate this approa
h, we �rst 
onsider theVME models with 
on�guration-independent sad-dle-point energies. For su
h models, the parameters�p� in (8) are zero, the 
orrelators bpij = bij areindependent of the spe
ies p of a jumping atom, andadiabati
ity equation (34) takes the simple formXjnn(i) bij �vi �vj " 
hv +X� 
�v��i !Æ�vi �� fi! jg35 = 0: (35)If we let 1=�i denote the �rst term in the square bra
-kets (35), then the di�eren
e in these bra
kets takes theform ��1i � ��1j . Hen
e, a solution of Eqs. (35) is givenby �i being a 
onstant independent of the site numberi (although possibly depending on time as well as ontemperature and other external parameters):�i = �vi . 
hv +X� 
�v��i ! = �(t): (36)Relation (36) determines the above �quasi-equilibrium�va
an
y distribution 
vi f
�i g, whi
h adiabati
ally fastfollows the atomi
 distribution f
�i g. Substituting itin Eq. (12), we obtain an expli
it kineti
 equation foratomi
 distributions f
�i g for whi
h the evolution of theva
an
y distribution is 
hara
terized by a single param-eter �(t) being a �spatially self-averaged� quantity:d
�idt = Xjnn(i) bij�(t)h
�v
hv���j � ��i �++X� 
�v
�v���j ��i � ��i ��j �i: (37)The last term in this equation (erroneously missed inthe analogous Eq. (46) of BV) is present only for ma-ny-
omponent alloys with two or more spe
ies of mi-nority atoms. Equations (37) 
an also be rewritten inthe form used for DAE models [21℄:484



ÆÝÒÔ, òîì 139, âûï. 3, 2011 Sto
hasti
 statisti
al theory of nu
leation : : :d
�idt = Xjnn(i)M�hij 2 sh��2 (��j � ��i )�++ Xjnn(i);�M��ij 2 sh��2 (��j + ��i � ��i � ��j )� ; (38)where the generalized mobilities Mpqij , whi
h des
ribeinter-site ex
hanges ��h and �� �, are given byM�hij = 
�v
hv�(t) bij exp��2 (��i + ��j )� ; (39)M��ij = 
�v
�v�(t) bij �� exp��2 (��i + ��j + ��i + ��j )� : (40)Comparing these expressions with Eq. (32) of BV forthe mobilities Mpqij in an alloy with the nearest-neigh-bor dire
t-ex
hange rates 
pqij = 
pq , we see thatEqs. (39) and (40) 
orrespond to a DAE model withthe e�e
tive dire
t ex
hange rates
eff�h = 
�v
hv �(t); 
eff�� = 
�v
�v �(t): (41)We note that the e�e
tive DAE rates in (41) are by afa
tor 
v smaller than the va
an
y ex
hange rates 
pv .We next 
onsider more realisti
 VME models with
on�guration-dependent saddle-point energies in the
ase where the 
orrelators bpij in (17) are di�erent fordi�erent p. For su
h models, the basi
 adiabati
ityequation (34) for va
an
y a
tivities �vi 
annot be solvedanalyti
ally in general, and hen
e either numeri
al orsome approximate analyti
 methods should be used.We dis
uss two su
h approximate methods below. Fora binary alloy, we 
an rewrite Eq. (34) asXjnn(i) bhij �vi �vj 
hv  1 + �irij�vi � 1 + �jrij�vj ! = 0; (42)where �i = ��i = exp(��i) and rij = 
�vb�ij=
hvbhij .Equation (42) 
an be solved approximately if the pro-du
ts rij�i obey either of the two inequalities:�irij = exp(��i)
�vb�ij=
hvbhij � 1; (43a)�irij = exp(��i)
�vb�ij=
hvbhij � 1: (43b)In 
ase (43a), the se
ond terms in round bra
ketsin (42) are just small 
orre
tions to the �rst ones.They 
an be negle
ted in the zeroth approximation,and hen
e the zeroth-order solution of Eq. (42) is�vi (i) = �(t)
hv ; (44)

where the 
onstant fa
tor 
hv is introdu
ed su
h thatthe fun
tion �(t) is analogous to that in (36). Substi-tuting (44) in (12), we again obtain Eqs. (37) or (38)for a binary alloy:d
i=dt = Xjnn(i)Mij 2 sh��2 (�j � �i)� : (45)The supers
ript �h at the e�e
tive mobility M�hij == Mij is omitted for brevity, and the expression forthis mobility is similar to that in Eq. (39):Mij(a) = 
eff�h b�ij exp��2 (�i + �j)� ; (46)with 
eff�h being the same as in (41).In 
ase (43b), we 
an rewrite Eq. (42) asXjnn(i) b�ij �vi �vj 
�v  �i + r�1ij�vi � �j + r�1ij�vj ! = 0; (47)where the se
ond terms in the bra
kets are againsmall 
orre
tions to the �rst ones. Therefore, thezeroth-order solution of this equation 
an be writtenas �v(0)i = �(t)
�v�i, while 
orre
tions are proportionalto r�1ij . However, taking these 
orre
tions into a

ountis ne
essary to obtain a nonzero right-hand side ofEq. (12). In �nding these small 
orre
tions, we 
anemploy the approximation of a �smooth distributionof lo
al 
on
entrations� used to pro
eed from Eq. (28)to (30); that is, we 
an assume the rij values for allbonds ij of a given site i to be 
lose to one another:rij � rii � rjj : (48)Then the solution of Eq. (47) with the �rst-order 
or-re
tions is given by�vi = �(t)
�v ��i + r�1ij � : (49)Substituting (49) in (12), we again obtain Eq. (45), butwith the 
orrelator b�ij in the e�e
tive mobility (46) re-pla
ed by bhij :Mij(b) = 
eff�h bhij exp��2 (�i + �j)� : (50)Physi
ally, the possibility to redu
e the va
an-
y-mediated kineti
s to the equivalent dire
t ex
hangekineti
s is 
onne
ted with the above-mentioned fa
tthat in the 
ourse of evolution of an alloy, the distri-bution of va
an
ies follows that of the main 
ompo-nents adiabati
ally fast. Therefore, it 
an be assumed485
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e not only holds for simpli�ed mod-els (36) or (43) but also is a general feature of the va-
an
y-mediated kineti
s, while for more general mod-els, the 
orrelators bij , b�ij or bhij in Eqs. (39), (40), (46)or (50) are probably repla
ed by some more 
omplexexpressions with similar properties.The fun
tion �(t) in Eq. (41) determines the res
a-ling of time between the initial VME model and theequivalent DAE model in (45). Temporal evolution ofthis DAE model is a
tually des
ribed by the �redu
edtime� tr related to the real time t by the di�erential orintegral relationsdtr = 
eff�h dt = 
�v
hv�(t) dt;tr = tZ0 
eff�h (t0) dt0; (51)
t = trZ0 �eff�h (t0r) dt0r; (52)where �eff�h = (
eff�h )�1 has the meaning of the meantime of an atomi
 ex
hange � � h, while tr has themeaning of an e�e
tive number of su
h atomi
 ex-
hanges. This natural physi
al variable is used belowin des
ribing the SSA simulation results.To �nd the �res
aling fun
tion� �(t) inEqs. (36)�(52), we should, generally, 
ompare theresults of simulation of pre
ipitation based on DAEmodel (45) to those based on the initial VME model.BV made su
h a 
omparison for some simpli�edmodel of spinodal de
omposition, and we estimate�(t) below for several realisti
 models of FeCu alloysusing 
omparison to the KMCA results. We notethat the problem of time res
aling between the realphysi
al time and the time units used in the 
hosensimulation method (e. g., the number of Monte Carlosteps in the KMCA) persists in all simulations of VMEkineti
s (see Se
. 4.3 below), and it strongly depends,in parti
ular, on the boundary 
onditions for va
an
iesadopted in simulations. For example, BV used the�va
an
y 
onservation� model, while in simulationsin [16, 18℄ and below, a possible 
reation of va
an
ies atvarious latti
e defe
ts (grain boundaries, dislo
ations,and so on) is taken into a

ount. Therefore, the formof the fun
tion �(t) also depends on the kineti
 modelused for va
an
ies.The results presented in Fig. 10 below show thattemporal variations of �(t) 
an be rather sharp. Thesevariations arise due to qualitative 
hanges in the dis-tribution of va
an
ies with respe
t to minority atoms

in the 
ourse of the evolution, whi
h are related to thephenomenon of �va
an
y trapping� at interfa
es of pre-
ipitates dis
ussed in detail by BV and by Soisson andFu [18℄ (SF). The resulting ex
ess of va
an
ies neargrowing or shrinking interfa
es leads to an a

elera-tion of the e�e
tive ex
hange rates 
eff with respe
tto the in
ubation stage when the pre
ipitates are ab-sent. It results in an in
rease in 
eff (t) after the be-ginning of nu
leation; when the va
an
y trapping e�e
tis strong, this in
rease 
an be very large, whi
h is il-lustrated by Fig. 10 below. At the same time, afterthe nu
leation stage is over, the degree of this trappingdoes not 
hange signi�
antly. Therefore, the fun
tion�(t) 
an be expe
ted to be approximately 
onstant be-fore and after the nu
leation and to monotoni
ally in-
rease with t in the 
ourse of nu
leation, as illustratedby Fig. 3 of BV for �(t) in their simpli�ed model.3. MAIN EQUATIONS OF THE STOCHASTICSTATISTICAL APPROACH3.1. Basi
 ideas of the 
lassi
al theory ofnu
leationBefore des
ribing the SSA, it is 
onvenient to re-
all the main ideas of the 
lassi
al nu
leation theo-ry (CNT) [1�4℄. The CNT treats embryos of a newphase within the original metastable phase as su�-
iently large obje
ts arising due to thermodynami
 �u
-tuations. In the simplest version of the CNT, the em-bryo is regarded as a homogeneous droplet 
hara
teri-zed by its radius R, the interfa
e energy �, and the freeenergy gain (with respe
t to the original metastablephase) per unit volume �f . The ex
ess free energyneeded to form this embryo isF (R) = 4�R2� � (4�R3=3)�f : (53)One of the basi
 CNT notions is the 
riti
al embryothat 
an grow with no further loss of the free energyand hen
e with no �u
tuations. For the model in (53),this 
orresponds to the maximum of F (R) with respe
tto R, and therefore the 
riti
al radius R
 and the nu-
leation barrier F
 = F (R
) areR
 = 2�=�f; F
 = 16��3=3�f2; (54)while the probability of the 
riti
al �u
tuation neededto 
reate this embryo is estimated a

ording to the ther-modynami
 �u
tuation theory [1℄ asW
 � exp(�F
=T ) � exp(�
onst �3=T�f2): (55)A Ginzburg�Landau-type free energy fun
tionalwas used in [26℄ to allow for the di�use 
hara
ter of486
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hasti
 statisti
al theory of nu
leation : : :the interfa
e of the 
riti
al embryo, but this approa
his valid only at high T � T
 and for large embryoswhen the dis
rete latti
e e�e
ts 
an be negle
ted. Aquantitative approa
h to the 
al
ulation of thermody-nami
s of 
riti
al embryos developed in [27; 28℄ takesthe dis
rete latti
e e�e
ts into a

ount and uses thePCA rather than the simple MFA. Some results of thisapproa
h are used below in Table 2 and Fig. 2.For super
riti
al embryos with R > R
, the CNTsuggests �u
tuation e�e
ts to be insigni�
ant. There-fore, after 
ompletion of nu
leation, the main type ofmi
rostru
tural evolution is the growth of embryos dueto the di�usional �ux of minority atoms from the ma-trix. Later on, when larger pre
ipitates grow at theexpense of smaller ones, the evaporation�
ondensation(or Lifshits�Slyozov�Wagner, LSW) me
hanism be-
omes dominant [2℄. Therefore, a

ording to the CNT,de
omposition of metastable solid solutions should in-
lude four well-de�ned stages [4℄: (i) the in
ubationstage that pre
edes the formation of �rst 
riti
al andsuper
riti
al embryos; (ii) the nu
leation stage duringwhi
h the super
riti
al pre
ipitate density ds rea
hes itsmaximum value; (iii) the growth stage when the densityds(t) remains approximately 
onstant but sizes of pre-
ipitates grow, and (iv) the 
oarsening stage when thedensity ds(t) de
reases due to the LSW evaporation�
ondensation me
hanism.These CNT ideas were 
on�rmed by KMC simula-tions of Soisson and Martin [4℄ (SM) for some simplealloy model for whi
h 
riti
al sizes and nu
leation bar-riers (estimated in Table 2 below) are rather large (see,e. g., Fig. 1 in [4℄). But in this work, we mainly 
on-sider more realisti
 models of FeCu alloys des
ribed inSe
. 4, for whi
h the nu
leation barriers and 
riti
alsizes are not large. Flu
tuation e�e
ts in su
h alloysare shown below to be strong and important not onlyfor the nu
leation but also for the growth stage.3.2. Sto
hasti
 kineti
 equation and �ltrationof noiseQuasi-equilibrium kineti
 equations (10), (38),and (45) determine evolution of mean o

upations ofsites due to the average atomi
 �uxes a
ross ea
h bond.But these averaged equations 
an des
ribe only thosekineti
 pro
esses in whi
h the total free energy Ftotde
reases [22, 29℄, whereas nu
leation pro
ess shouldbe a

ompanied by a �u
tuative in
rease in Ftot,needed to over
ome nu
leation barriers. Therefore, todes
ribe this pro
ess, we should 
onsider �u
tuationsof atomi
 �uxes. The sto
hasti
 statisti
al approa
hfor taking su
h �u
tuations into a

ount was suggested

by SPV [20℄. In this se
tion, we present the mainequations of this approa
h; their re�nements aredes
ribed below in Se
. 4.We 
onsider a binary alloy for whi
h the QKE hasform (45). In the SSA, this QKE is repla
ed by asto
hasti
 kineti
 equation (SKE) that 
an be 
onve-niently written in a �nite-di�eren
e form (for a shorttime interval Æt) given by Eq. (19) of SPV [20℄:Æ
i � 
i(t+ Æt)� 
i(t) = Æ
di + Xjnn(i) Ænfij : (56)Here, 
i is the o

upation of site i averaged over somelo
ally equilibrated vi
inity of this site, and the �dif-fusion� term Æ
di 
orresponds to the average atomi
transfer to site i des
ribed by the right-hand side ofQKE (45):Æ
di f
kg = Xjnn(i)Mij2 sh��2 (�j � �i)� Æt: (57)The last term Ænfij in SKE (56) is the �u
tuative atomi
transfer through the ij bond, whi
h is des
ribed by theLangevin-noise-type method: ea
h Ænfij is treated as arandom quantity with the Gaussian probability distri-bution W (Ænfij) = Aij exp[(�Ænfij)2=2Dij ℄; (58)where Aij is the normalization 
onstant and the disper-sion Dij is the same as that for the a
tual �u
tuativetransfer Ænfij . This dispersion is related to the mobil-ity Mij and the time interval Æt in Eq. (57) by the��u
tuation�dissipation� type relation (18) of SPV:Dij = h(Ænfij)2i = 2Mij Æt: (59)For the nonuniform statisti
al systems under
onsideration, unlike in standard appli
ations ofthe Langevin-noise method to me
hani
al systems,Eqs. (56)�(59) should be supplemented by the ��ltra-tion of noise� pro
edure that eliminates the short-wave
ontributions to �u
tuations Ænfij . As dis
ussed in de-tail by SPV, these 
ontributions to Eq. (45) have beenalready in
luded in the di�usional term Æ
di , whi
his obtained by statisti
al averaging just over theseshort-wave �u
tuations. This agrees with the fa
t thatall quantities entering Eq. (56), in
luding the meansite o

upation 
i, the site 
hemi
al potentials �i, andthe di�usional term Æ
di , have a physi
al meaning onlywithin some lo
ally equilibrated region referred to intextbooks as �a quasi-
losed subsystem� [1℄ 
ontaininga su�
iently large number of atoms. In other words,in our statisti
al des
ription, whi
h involves dividing487
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allyequilibrated quasi-
losed subsystems, we 
onsideronly �thermodynami
� �u
tuations Ænfij that haveapproximately the same value (for all bonds ij of agiven 
rystal orientation �) within ea
h quasi-
losedsubsystem, while a nonzero �u
tuative 
ontributionto the total Æ
i in (56) arises only due to a relativelyweak nonuniformity of these �u
tuations. Therefore,in the last term in Eq. (56), the full �u
tuativetransfer Ænfij should be repla
ed with its long-wave (or�
oarse-grained�) part Ænf
ij . This last 
an be obtainedby introdu
ing a proper 
ut-o� fa
tor F
(k) in theFourier 
omponent Ænf�(k) of the full �u
tuationÆnfij � Ænf�(Rs�), where Rs� denotes the position ofthe ij bond 
enter in the appropriate 
rystal sublatti
e� formed by these 
enters [20℄:Ænf
� (Rs�) =Xk exp(�ik �Rs�) Ænf�(k)F
(k);Ænf�(k) = 1N XRs� exp(ik �Rs�) Ænf�(Rs�); (60)where N is the total number of latti
e sites (or atoms)in the 
rystal. The 
ut-o� fa
tor F
(k) 
an be takenin the simple Gaussian-like form, whi
h for the BCClatti
e isFBCC
 (k) = exp[�4g2(1� 
os'1 
os'2 
os'3)℄; (61)where '� = k�a=2, k� is the ve
tor k 
omponent alongthe main 
rystal axis �, and a is the BCC latti
e 
on-stant.At g2 � 1, expression (61) is redu
ed to a Gaussianexp(�k2l2=2) with l = ga. Hen
e, the redu
ed lengthg = l=a 
hara
terizes the mean size of lo
ally equi-librated quasi-
losed subsystems. Generally, it is the
hara
teristi
 length of uniformity of the site 
hemi
alpotentials �i, whi
h for a single-phase state (before nu-
leation) 
oin
ides with the uniformity length for lo
al
on
entrations 
i. Estimates of this size are dis
ussedin Se
. 4.2 below.4. MODELS AND METHODS OF SIMULATION4.1. Alloy models and states used forsimulationsIn most of our simulations, we use the �rst-prin
iplemi
ros
opi
 model of FeCu alloys suggested by SF [18℄.This model des
ribes well the available thermodynami
and kineti
 data for su
h alloys. This is a model withthe next-to-nearest-neighbor intera
tion based on abinitio density fun
tional theory 
al
ulations using the

SIESTA 
ode. For this model, the 
on�gurational in-tera
tions vn for the nth neighbors in (22), the ki-neti
 intera
tions uCun � un in (17), the saddle-pointenergy parameters �p in (33), the a
tivation energiesEpva
 in (14) (all in eV), and the attempt frequen
ies !pvin (14) (in se
�1) have the following values:v1 = �0:121+0:182T; v2 = �0:021+0:091T;u1 = 0:127�0:091T; u2 = 0:044�0:045T;�Cu = 0:05; �Fe = �0:03;ECuva
 = 0:438; EFeva
 = 0:698;!Cuv = 5 � 1015; !Fev = 2 � 1015: (62)The se
ond terms in the expressions for vn and un phe-nomenologi
ally des
ribe the in�uen
e of anharmoni
and magneti
 e�e
ts. Our simulations for the SF modelwere mainly performed at the 
on
entration 
 = 0:0134and three temperatures 773, 713, and 663 K; these al-loy states are respe
tively denoted as SF-1, SF-2, andSF-3. In Tables 1 and 2 in Se
. 5, we also presentsome results for the alloy state SF-4 that 
orrespondsto 
 = 0:0197 and T = 773 K.We also use two more models suggested by Le Bouarand Soisson [16℄ (LBS). The parameters of these mod-els have been �tted to energies of 
on�gurations andva
an
y migration barriers 
omputed with the embed-ded atom method potential. The LBS-1 model is thenearest-neighbor intera
tion model with the followingparameter values (in the same units as in (62)):LBS-1 : v1 = �0:20; u1 = 0:155;�Cu = �Fe = 0;ECuva
 = 0:018; EFeva
 = 0:64;!Cuv = !Fev = 5 � 1015: (63)For the LBS-2 model, all parameters are the same asin (63) ex
ept the saddle-point energy parameter �Fe,whi
h is LBS-2 : �Fe = �0:238: (64)Our simulations for these two models were performedat 
 = 0:01 and T = 1000 K, and these alloy states arerespe
tively denoted as LBS-1 and LBS-2.Comparison of the SF and LBS models dis
ussedin [18℄ (a more detailed 
omparison is given in Ref. [30℄)shows that the SF model yields a lower solution energyof 
opper in BCC iron (whi
h leads to the lower den-sity and larger sizes of nu
leating pre
ipitates), and thelarger di�eren
e between va
an
y formation energies inpure BCC iron and pure BCC 
opper (whi
h leads to astronger va
an
y trapping in 
opper pre
ipitates and to488
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Fig. 1. Cal
ulated phase diagrams for the SF model(upper �gure) and the LBS model (lower �gure).Thi
k lines 
orrespond to the pair 
luster approxima-tion (PCA), and thin lines 
orrespond to the mean�eld approximation (MFA); solid lines are binodals, anddashed lines are spinodals. Solid 
ir
les and the 
hainedline show the binodal and spinodal 
al
ulated using theCALPHAD expression for the free energy of BCC FeCualloys taken from [11℄. Triangles indi
ate the (
; T )states used for simulations (
olor online [31℄)a higher mobility of pre
ipitates). As dis
ussed by SF,the LBS models des
ribe FeCu alloys less realisti
allythan the SF model, but we 
onsider these LBS modelsfor methodologi
al reasons, to follow the in�uen
e ofvariations of the 
oupling 
onstants and saddle-pointenergy parameters on the pre
ipitation kineti
s.Binodals and spinodals for the SF and LBS models
al
ulated using the PCA, MFA, and CALPHAD ex-pressions for the free energy are presented in Fig. 1,where we also show the initial alloy states used in our

Table 1. Alloy states used in our simulationsModel SF LBS-1,2T , K 773 713 663 773 1000
, at.% 1.34 1.34 1.34 1.97 1s 0.285 0.352 0.425 0.426 0.459Alloy state SF-1 SF-2 SF-3 SF-4 LBS-1,2simulations. These states are 
hosen in the metastableregion Ts(
) < T < Tb(
) or 
b(T ) < 
 < 
s(T ) (wherethe subs
ript s or b 
orresponds to the spinodal or bino-dal), whi
h 
orresponds to the nu
leation and growth(NG) type of alloy de
omposition. The degree of super-saturation for ea
h of these states 
an be quantitatively
hara
terized by the redu
ed supersaturation parame-ter s introdu
ed in [28℄:s(
; T ) = [
� 
b(T )℄=[
s(T )� 
b(T )℄: (65)Values s < 1 
orrespond to the NG, while s > 1, tothe spinodal de
omposition (SD) evolution type; thevalues of s for the alloy states studied are presented inTable 1.To appre
iate the a

ura
y of the results presentedin Fig. 1, we �rst note that the PCA fully takes thepairwise 
orrelations of atomi
 positions into a

ountand negle
ts only many-parti
le ones [25℄. Therefore,in the dilute alloy limit 
i ! 0, the PCA expressionsfor thermodynami
 potentials be
ome exa
t. In parti
-ular, free energy (24) in this limit takes the formFPCA���
!0 = �12Xij 
i
jfij ; (66)whi
h is just the dis
rete latti
e analogue of the �rstterm in the virial expansion of the free energy in powersof density (in our 
ase, in powers of 
i) for the stan-dard �weakly nonideal gas� theory [1℄. Therefore, atlow 
on
entrations under 
onsideration, we 
an expe
tthe a

ura
y of all thermodynami
 results of the PCA,in
luding both binodals and spinodals, to be high, andwe use the PCA for all thermodynami
 
al
ulations.It follows from the upper frame of Fig. 1 that atrelatively low 
 and T values used in our simulations,the binodals 
al
ulated using the PCA, MFA, or CAL-PHAD methods virtually 
oin
ide with ea
h other. Atthe same time, the CALPHAD or MFA-
al
ulated spin-odals 
s(T ) ex
eed those found in the PCA (and hen
ethe exa
t ones) by about a fa
tor of 2. This leads to489
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� 
riti
alembryos for the alloy states 
onsideredAlloy state s F
=T R
, nm �N
 N
SM [4℄ 0.287 7.48 0.488 32.5 33.8SF-1 0.285 4.38 0.417 13.3 14.3SF-2 0.352 2.47 0.438 9.7 10.7SF-3 0.425 1.36 0.468 7.2 8.2SF-4 0.426 1.90 0.475 10.4 11.9LBS-1,2 0.459 0.83 0.497 5.4 6.2
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Fig. 2. Con
entration pro�les �
i = 
i � 
 in ther-modynami
 
riti
al embryos for the alloy states stud-ied. Di�erent 
urves from top down 
orrespond to thestates SM [4℄, SF-1, SF-2, SF-4, SF-3, and LBS (
oloronline [31℄)a strong underestimat ion of the redu
ed supersatura-tion s(
; T ), whi
h should result in drasti
 distortionsof mi
rostru
tural evolution. Therefore, as mentionedin Se
. 1, using the phase��eld-type methods basedon CALPHAD or MFA expressions for thermodynami
potentials 
an hardly provide an adequate des
riptionof the alloy de
omposition kineti
s at low 
on
entra-tions and temperatures under 
onsideration.Figure 2 illustrates the stru
ture of �thermody-nami
� 
riti
al embryos for the alloy states stud-ied. This stru
ture was 
al
ulated by the method inRef. [27℄, mentioned in Se
. 3.1, with the use of thePCA. The �gure shows, in parti
ular, that the sizes of
riti
al embryos in our problem are 
omparable to the

host (BCC iron) latti
e 
onstant: aFe = 0:287 nm, andtherefore negle
ting the dis
rete latti
e e�e
ts madein the phase��eld-type approa
hes 
an lead here tohard-to-
ontrol errors. In Table 2, we present main
hara
teristi
s of these 
riti
al embryos: the redu
ednu
leation barrier F
=T , the mean radius of the embryoR
, the total ex
ess �N
 of minority (
opper) atoms inthe embryo with respe
t to the initial state, and thetotal number N
 of minority atoms in the embryo. Thebarrier F
 is 
al
ulated in a

ordan
e with Eq. (4) in[28℄ (where it was denoted as �

), and the quantitiesR
, �N
, and N
 are de�ned by the relationsR2
 =Xi r2i 
i � 
�N
 ; �N
 =Xi (
i � 
);N
 = �N
 + 
N
s : (67)The index i labels latti
e sites, N
s is the total num-ber of sites (atoms) in a pre
ipitate, and the term 
N
sdes
ribes the 
ontribution of the �uniform ba
kground�minority atoms to N
. For 
omparison, in Fig. 2 andTable 2, we also present the analogous results for theSM alloy state [4℄, whi
h 
orresponds to the nearest-neighbor intera
tion with v1 < 0, T = 0:4(�v1), and
 = 0:03. We see that the N
 and F
=T values forthe realisti
 SF models are notably lower than for theSM model. Therefore, manifestations of �u
tuations innu
leation pro
esses for these realisti
 models shouldbe mu
h stronger than those for the simple SM model,whi
h is illustrated in Se
s. 5.1 and 5.3 below.We now dis
uss the expressions for the e�e
tive mo-bilities Mij in Eq. (45). The LBS-1 model 
orrespondsto the 
on�guration-independent saddle-point energiesfor whi
h the 
orrelators bpij in (17) are independent ofthe spe
ies p of an atom. As mentioned in Se
. 2.3, adi-abati
ity equation (34) is then solved analyti
ally, andthe e�e
tive mobility Mij =M�hij is given by Eq. (39).For two other models, SF and LBS-2, the saddle-point energies depend on 
on�gurations, and hen
e adi-abati
ity equation (34) 
an be approximately solvedonly if either of inequalities (43) is obeyed at 
i valuessigni�
ant for the kineti
 pro
ess studied; for brevity,we let su
h 
i be denoted by 
s. We �rst 
onsiderNG-type pro
esses for the SF model. The experien
e ofour simulations for all models 
onsidered (illustrated byFigs. 20�22 below) shows that the lo
al 
on
entrations
s that are signi�
ant for NG usually have the order
s � 0:1. To estimate the produ
ts �irij in Eqs. (43),we �rst 
onsider the 
ase where these 
s are small, andhen
e both fun
tions ln(1 � gij
j) � ln(1 � fij
s) inEq. (20) and (1 + �
ijfAp)6 � exp[6 ln(1 + 
sfAp)℄ inEq. (33) 
an be expanded in powers of 
s. Substituting490



ÆÝÒÔ, òîì 139, âûï. 3, 2011 Sto
hasti
 statisti
al theory of nu
leation : : :

20 40 60 80 100

tr

0

10

20

30

40

0

10

20

30

40

0

10

20

30

40

Np

а

b

c

Fig. 3. The total number of pre
ipitates that 
ontaini � p 
opper atoms, Np(tr; g), versus the redu
ed timetr de�ned by Eq. (51), obtained in SSA simulationswith di�erent g in Eq. (61) for the SF-1 state. Framesa, b, and 
 
orrespond to g equal to 1:75, 1:65, and1:55, while di�erent 
urves in ea
h frame 
orrespondto p = 10, 20, 40, 60, and 70 from left to rightnumeri
al values of parameters (62) in these expan-sions, we obtain the following estimates of �ij = �irijfor the SF-1 and SF-3 states:�SF�1ij � 20
s exp(80
s);�SF�3ij � 40
s exp(160
s); (68)

while for the SF-2 state, the �ij value lies between thesetwo estimates. For 
s &0.1, all these values mu
h ex-
eed unity. Therefore, inequality (b) in (43) is obeyed,and QKE (45) with the e�e
tive mobility Mij given byEq. (50) 
an be used for all our SF states.To estimate the produ
ts �ij = �irij in Eqs. (43)for the LBS-2 state, we again expand the fun
tionsln(1�gij
j) � ln(1�fij
s) in (20) and (1+ �
ijfAp)6 �� exp[6 ln(1 + 
sfAp)℄ in (33) in powers of 
s. Substi-tuting numeri
al values of parameters from Eqs. (63),we then obtain�irLBS�2ij � 1400
s exp(�40
s): (69)At 
s between 0.01 and 0.1, the right-hand side of thisestimate is large, inequality (b) in (43) is obeyed, andEq. (50) for the e�e
tive mobility Mij 
an be used; at
s & 0:15, this right-hand side is small, and Eq. (46)for Mij 
an be used; and at 
s between 0.1 and 0.15,the right-hand side is of the order of unity, and there-fore neither of inequalities (43) is obeyed. Therefore,the equivalen
e of the VME kineti
s to that for DAEmodel (45) 
annot be formally proved for the LBS-2state, and we made no SSA simulations for this state.However, the above remarks enable us to suggest thatsu
h an equivalen
e probably exists, with the mobil-ity Mij in QKE (45) smoothly varying between ex-pression (50) for 
s < 0:1 and expression (46) for 
s>0.15. Then the pre
ipitation kineti
s for the LBS-2 state should be quite similar to that for the LBS-1state, di�ering only by repla
ing the fa
tor b�ij = bij inEq. (46) for the LBS-1 state with some smaller fa
torvarying between bhij < bij at 
s < 0:1 and b�ij = bij at
s > 0:15. This should 
orrespond just to some slowingdown of pre
ipitation kineti
s for the LBS-2 state withrespe
t to the LBS-1 state, and the KMCA results ofLBS [16℄ seem to agree with these 
onsiderations.In Table 3, to 
hara
terize the strength of 
on�gu-rational (or �thermodynami
�) intera
tions vn and thekineti
 intera
tions un for the alloy states 
onsidered,we present the values of the Mayer fun
tions fvn and ofanalogous �kineti
� fun
tions fun de�ned byfvn = exp(��vn)� 1; fun = exp(�un)� 1; (70)as well as of the fun
tions fp� in Eq. (33). The fun
tionsfvn enter Eqs. (20)�(24) for the site 
hemi
al potentials�i and the free energy F , while the fun
tions fun andfp� enter Eqs. (25)�(33), (39), (46), and (50) for the
orrelators bpij and e�e
tive mobilities Mij . In Tab-le 3, we also present expressions for the 
orrelators bFeijand the redu
ed e�e
tive mobilities Mrij = Mij=
eff�hin Eqs. (39), (46), and (50) at small 
i � �
ij . 1=fv1 ,491
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tions fvn , fun , and fp� in Eqs. (70) and (33), and expressions for the 
orrelators bFeij andredu
ed e�e
tive mobilities Mrij = Mij=
eff�h in Eqs. (39), (46), and (50) at small 
i � �
ij . 1=fv1 for the alloy statesstudiedAlloy state fv1 fv2 fu1 fu2 fFe� fCu� bFeij MrijSF-1 4.1 0.3 5.2 0.9 5.8 24 exp(81
i) exp(47
i)SF-2 4.9 0.3 6.3 1.0 7.0 33 exp(98
i) exp(57
i)SF-3 5.9 0.3 7.5 1.1 8.5 43 exp(118
i) exp(69
i)LBS-1 9.2 0 5.0 0 5.0 5.0 exp(71
i) exp(�3
i)whi
h have been mentioned to be most signi�
ant forthe NG-type pro
esses.We dis
uss the results presented in Table 3. First,they show that both the thermodynami
 and kineti
intera
tions for the alloy systems 
onsidered are ratherstrong: the fv1 , fu1 , and fp� values mu
h ex
eed unity.This again shows that the MFA or CALPHAD-typeexpressions for thermodynami
 and kineti
 parametersbased on the approximations �vn � 1, �un � 1 [21℄
annot be used to des
ribe these alloy states. Se
ond,the last 
olumn of Table 3 shows that the NG kineti
sfor the SF model should notably di�er from that forthe less realisti
 LBS-1 model. At the small lo
al 
on-
entrations 
i 
onsidered, the redu
ed mobility Mrij forthe LBS-1 model is virtually a 
onstant 
lose to unity,while for the SF model, it sharply in
reases with 
i andis typi
ally very large. A

ording to Eqs. (58) and (59),this mobility determines the s
ale of �u
tuative termsin SKE (56). Therefore, we 
an expe
t the manifesta-tions of �u
tuation e�e
ts for the SF model to be mu
hstronger than for the LBS-1 model. This agrees withthe KMCA results presented in Figs. 11�14 below.4.2. Estimating the lo
al equilibrium lengthfor the SSAAs dis
ussed in Se
. 3.2, the redu
ed length l = gain SSA equations (60) and (61) 
hara
terizes sizes of lo-
ally equilibrium quasi-
losed subsystems used in ourstatisti
al des
ription of a nonequilibrium alloy. Thislength 
annot be 
hosen smaller than the 
hara
teris-ti
 length lnu of nonuniformity of lo
al 
hemi
al po-tentials, whi
h for the nu
leation pro
esses typi
allyhas the same order of magnitude as the 
riti
al em-bryo size R
 (see, e. g., Figs. 20�22 below). The a
tualdistribution of lo
al equilibrium lengths l . lnu in analloy varies with both spa
e and time; in parti
ular,after 
reation of a super
riti
al pre
ipitate, the degreeof lo
al equilibrium in the adja
ent region should sig-

ni�
antly in
rease with respe
t to other regions wheresu
h pre
ipitates are not born yet.For simpli
ity, we 
hara
terize the distribution ofall lo
al lengths l by a single spatially averaged pa-rameter �l = ga, where the redu
ed length g, generally,varies with the evolution time t or the redu
ed time trin (51) used in the SSA. After 
ompletion of nu
leationat some tr = tNr , the alloy rapidly approa
hes the fulltwo-phase equilibrium, and the length �l should be
omelarge. Then the 
ut-o� parameter g = g(tr) in Eq. (61)at tr & tNr should also be large, the �u
tuative termsÆnf in (56) be
ome small, and SKE (56) transformsinto QKE (45) with no �u
tuation terms.To des
ribe the above-dis
ussed physi
al pi
turewith the minimal number of model parameters, we ap-proximate the time dependen
e g(tr) by the simplestexpression tr < tNr : g(tr) = g0;tr > tNr : g2(tr) = g20 + (tr � tNr )CDeff ; (71)where Deff is the e�e
tive redu
ed di�usivity, whi
h
an be estimated as Deff � 
effFeCu [32; 33℄ for dire
t-ex-
hange model (45), and C is a numeri
al fa
tor, e. g.,C = 2 for the standard di�usion law. At C � 1, theevolution of mi
rostru
ture was found to be virtuallyindependent of the C value, and we usually put C = 2.The simple model for g(tr) in (71) in
ludes an un-physi
al break at tr = tNr , whi
h leads to the presen-
e of analogous �
titious breaks in various 
hara
te-risti
s of the evolution, e. g., in Figs. 4�7, 9, 10, and15 below. In reality, as we have noted, the e�e
tiveequilibrium length starts to in
rease immediately af-ter the beginning of nu
leation, and hen
e the fun
-tion g(tr) = �l=amonotoni
ally in
reases with time withno breaks. Therefore, for a more realisti
 des
ription,some other model should be used for g(tr) that de-s
ribes its 
ontinuous in
rease with tr and the resul-ting smooth de
rease of �u
tuations in the 
ourse of492
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leation : : :both nu
leation and growth stages. But the experi-en
e of our simulations shows that at tr not 
lose totNr , the main 
hara
teristi
s of mi
rostru
ture, su
h asthe density and sizes of super
riti
al pre
ipitates, arenot sensitive to the detailed form of g(tr) if the s
ale ofthis fun
tion is determined by the �maximum thermo-dynami
 gain� prin
iple des
ribed below. Therefore, inthis work, we use the simplest form (71) for g(tr).The parameter g0 in Eq. (71) 
an be estimated intwo ways. First, it 
an be found by �tting the SSAsimulation results for the evolution of density of pre-
ipitates to the analogous KMCA results, for exam-ple, to those presented in Figs. 11�14 below. But su
h�KMCA-based� estimates of g0 would limit possible ap-pli
ations of the SSA to the models for whi
h reliableKMCA results are available. To estimate g0 within theSSA, we 
an try to extend the se
ond law of thermo-dynami
s, that is, the prin
iple of the free energy min-imum with respe
t to all its free parameters, whi
h isvalid for equilibrium systems, to the kineti
 pro
essesin the nonequilibrium systems studied. For this, wenote that the main 
hara
teristi
s of mi
rostru
tureformed in the 
ourse of the nu
leation pro
ess, su
h asthe 
hara
teristi
 nonuniformity length lnu � �l, 
an be
onsidered �free� parameters of a nonequilibrium stateanalogous to �stati
� free parameters for equilibriumsystems. It therefore seems natural to suggest thatthe kineti
 path of evolution of this nonequilibriumstate should 
orrespond to the maximum thermody-nami
 gain, that is, to the maximum rate of de
reasein free energy. This suggestion 
an extend the �ex-
ess entropy produ
tion� approa
h to thermodynam-i
s of irreversible pro
esses dis
ussed by Prigogine and
oworkers [34℄ to the kineti
s of essentially nonuniformand nonequilibrium systems under 
onsideration. Thenthe 
hara
teristi
 value lnu � g0a 
an be estimatedfrom the 
ondition of the maximum thermodynami
gain in the 
ourse of the nu
leation pro
ess, whi
h inour model (71) 
orresponds to the minimum of the freeenergy F (g0; tr . tNr ) with respe
t to g0.This maximum thermodynami
 gain should evi-dently 
orrespond to the formation of the maximumnumber of large super
riti
al pre
ipitates. At the sametime, the density dp of su
h pre
ipitates sharply de-pends on the e�e
tive size �l of quasi-equilibrium sys-tems for the nu
leation pro
ess. When g = �l=a is toolarge, the �u
tuations are too weak to over
ome nu
le-ation barriers, while when g is too small, the �u
tu-ations are too strong to allow formation of large andsteadily growing pre
ipitates. Therefore, the depen-den
es dp(g) should have a pronoun
ed maximum atsome optimal g = g0. These 
onsiderations are illus-
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Fig. 4. Time dependen
e of the free energy per 
opperatom, F (tr; g0), obtained in SSA simulations with dif-ferent g0 for the SF-1 state. Curves 1, 2, 3, 4, and 5respe
tively 
orrespond to g0 = 1:55, 1:65, 1:7, 1:75,and 1:85 (
olor online [31℄)trated by Fig. 3, where we present time dependen
esof the total number Np(tr; g) of pre
ipitates 
ontainingi � p 
opper atoms obtained in the SSA simulationswith di�erent g. The �end of nu
leation� time tNr hereand below is de�ned as the time of 
reation of the last�
riti
al� pre
ipitate with p � p
; these p
 values (whi
hfor the SF alloy states are 
lose to the N
 values in Ta-ble 2) are estimated in Se
. 5.1. This de�nition of tNris somewhat arbitrary, but it makes virtually no ef-fe
t on the simulation results. For the evolution shownin Fig. 3a, the �u
tuations seem to be too weak, andtherefore the length �l = ga is too large. For Fig. 3
,the �u
tuations are evidently too strong, whi
h leads toan unphysi
al evolution of large pre
ipitates: they donot grow, in disagreement with the se
ond law of ther-modynami
s; therefore, the g value here is too small.Finally, for the evolution shown in Fig. 3b, the g valueseems to be 
lose to optimum.In Figs. 4�7, we present time dependen
es of the freeenergy per 
opper atom, F (tr; g0), obtained in the SSAsimulations with di�erent g0 in Eq. (71). For de�nite-ness, the initial state for these simulations was takenuniform: 
i(0) = 
 = 
onst, and hen
e the initial in-
rease in F at tr . 0:1tNr is related just to swit
hing493
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olor online [31℄)
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olor online [31℄)
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tively 
orrespond tog0 = 1:7, 1:8, 1:9, 2, and 2:1 (
olor online [31℄)on �u
tuations at tr = 0 and has no physi
al meaning.At tr � tNr , the fun
tions F (tr; g0) show the above-mentioned �
titious breaks due the analogous breaksin our model fun
tions g(tr) in (71). But at tr not
lose to zero or to tNr , e. g., at tr � 0:5tNr , the fun
-tions F (tr; g0) presented in Figs. 4�7 
an be realisti
.Therefore, the �optimal� g0 value 
an be estimated from
omparison of these fun
tions at tr � 0:5tNr for di�er-ent g0.Figures 4�7 show that these fun
tions have a dis-tin
t minimum at a 
ertain g0 for ea
h alloy state 
on-sidered. For the SF-1 state, this minimum 
orrespondsto g0 equal to 1.65 or 1.7; for the SF-2 state, to g0 = 1:7or 1.8; for the SF-3 and LBS-1 states, to g0 = 1:9 or1.8. The �rst values seem to be slightly more appropri-ate, but using the se
ond values in simulations 
hangesresults only slightly; this is illustrated below for theSF-2 model. For the redu
ed length g0 in Eq. (71), wetherefore use the valuesgSF�10 = 1:65; gSF�20 = 1:7;gSF�30 = 1:9; gLBS�10 = 1:9: (72)The minimum lo
al equilibrium lengths l0 = g0a forthese g0 have the same order of magnitude as the 
rit-i
al sizes R
 in Table 2, in a

ordan
e with the 
onsid-erations mentioned above.494
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omment on the loss of validity of the SSA atlow g, whi
h is manifested, in parti
ular, in the above-mentioned unphysi
al results presented in Fig. 3
. Thisproblem was dis
ussed in detail by SPV in [20℄, whonoted that the statisti
al approa
h, in parti
ular, usedbasi
 equations (9)�(13) that in
lude averaging over lo-
ally equilibrated quasi-
losed subsystems, whi
h im-plies that the redu
ed size g of these subsystems is nottoo small, and hen
e they in
lude a su�
iently largenumber of atoms, while the site 
hemi
al potentials �iin these subsystems should obey the lo
al equilibrium
ondition �i � 
onst. The s
ale of violations of thisbasi
 
ondition 
an be 
hara
terized by the �parameterof nonequilibrium� J introdu
ed by SPV:J(g; tr) = 1Nb Xi;j j�i � �j j=T; (73)where Nb is the total number of the nearest-neighborbonds fijg and the sum is taken over all su
h bonds inan alloy. In Fig. 8, we show the values of this parameteraveraged over the in
ubation stage, Jin
(g) = hJiin
;for di�erent alloy states, the fun
tions Jin
(g) are sim-ilar. At small g . 1:5, these fun
tions start to sharplyin
rease, whi
h re�e
ts sharp violations of statisti
alequilibrium within too small quasi-
losed subsystems.But for the g = g0 values presented in Eqs. (72), thisparameter is still small: Jin
(g) � 0:1�0.15, and hen
eusing the SSA seems to be justi�ed.In Fig. 9, we show time dependen
es of nonequi-librium parameter (73) at �rst stages of the evolution.As mentioned, breaks in the J(tr) 
urves at tr = tNrare due to the similar breaks in our simple model (71);for more realisti
 models mentioned above, these breaksshould be repla
ed by some smooth de
rease in J(tr) attr & 0:5tNr . The in
rease in J(tr) after the beginning ofnu
leation is related to the o

urren
e of interfa
es andspa
ial nonuniformities, whi
h lead to some additional,�nonuniform� 
ontributions to the di�eren
es j�i � �j jin Eq. (73). The de
rease in J(tr) after the 
ompletionof nu
leation is due to the in
rease in the lo
al equilib-rium length g(tr) at t > tNr mentioned in the dis
ussionof model (71). It leads to a sharp de
rease in the �u
-tuative terms Ænf in SKE (56), and hen
e the degreeof lo
al equilibrium in the system sharply in
reases.4.3. Methods of KMCA simulationsThe KMCA used in this study is des
ribed in detailin Refs. [16, 18℄. We only re
all the physi
al prin
i-ples of the method, underlining the di�eren
e from theSSA. The KMC simulations follow the evolution of theatomi
 
on�guration in a simulation box of N = 643
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Fig. 8. Parameter of nonequilibrium (73) for the in
u-bation stage observed in SSA simulations with di�erentredu
ed lengths g. Cir
les and squares respe
tively 
or-respond to the SF-1 and LBS-1 states. Arrows indi
ateg0 values in Eqs. (72) (
olor online [31℄)
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e sites 
ontaining Fe and Cu atoms and one va-
an
y, with periodi
 boundary 
onditions. At ea
hMonte Carlo step, 8 atom�va
an
y ex
hanges betweennearest-neighbor sites 
an o

ur in a BCC latti
e, withthe jump frequen
ies W pvij given by Eq. (6). The a
-tivation energies are exa
tly 
omputed for ea
h lo
al
on�guration, without using any mean �eld approx-imation. One of these ex
hanges is 
hosen, using apseudo-random generator, by means of a residen
e timealgorithm [35℄. The physi
al time of the Monte Carlosimulation is given bytMCS = 1. 8Xj=1W pvij ; (74)where the sum ranges over the 8 possible jumps. Thistime must be res
aled to take the real va
an
y 
on-
entration into a

ount, whi
h depends on the pre
ip-itation mi
rostru
ture. If we assume that the va
an
y
on
entration remains at equilibrium in the di�erentphases during all the pre
ipitation, a 
onvenient wayto perform this time res
aling ist = tMCS 
MCV (Fe)
eqV (Fe) ; (75)where 
eqV (Fe) is the equilibrium va
an
y 
on
entra-tion in pure iron and 
MCV (Fe) is the va
an
y 
on
en-tration in 
opper-free regions of the KMC simulationbox [16, 18℄. The number Np of 
opper-ri
h pre
ipi-tates and their average size hii (dis
ussed in Se
. 5.1)are 
omputed by 
onsidering only 
lusters that 
ontaini � p 
opper atoms 
onne
ted by at least one nearest-neighbor bond.4.4. Methods of SSA simulationsAll SSA simulations were performed in a 
ubi
 box
ontaining N = 2 � (64)3 BCC latti
e sites with pe-riodi
 boundary 
onditions. In des
ribing pre
ipitates,the pre
ipitate 
ontaining i � p 
opper atoms is de-�ned as a set of adja
ent sites i (
onne
ted by at leastone bond) whose mean o

upations 
i ex
eed a 
ertain
ut-o� value: 
i � 

ut, while this set 
ontains not lessthan p 
opper atoms:NCu =Xi 
i � p: (76)The 
hoi
e of 

ut was found to be not essential, andfor de�niteness we took it the same as in experimentalstudies [7℄: 

ut = 0:05.In solving SKE (56) with di�usion term (57), weshould take into a

ount that this term is propor-tional to the generalized mobility Mij times the fa
tor

2 sh[�(�i ��j)=2℄ � �(�i ��j) des
ribing a thermody-nami
 driving for
e, while the mobilities Mij given byEqs. (46) or (50) are proportional to the 
orrelator b�ijor bhij that very sharply in
reases with the lo
al 
on-
entrations 
i; this last fa
t is illustrated by Eq. (33)and the last two 
olumns in Table 3. These very sharpdependen
es do not allow using the standard iterativemethods, su
h as the Euler or Runge�Kutta ones, forsolving the SKE: after several iterations, the produ
tMij�(�i � �j) be
omes so large that the time stepneeded to a
hieve numeri
al stability be
omes too smallfor these algorithms to be used. On the other hand,there is no physi
al reason for the di�usion term to betoo large, be
ause the high mobilityMij should lead toa very fast approa
h to the lo
al equilibrium, at whi
hlo
al 
hemi
al potentials of adja
ent sites, �i and �j ,are very 
lose to ea
h other. In reality, therefore, dif-fusion terms (57) remain reasonably small. The prob-lem with the appli
ation of standard iterative methodsarises due to their dis
rete nature; numeri
al values ofthe di�eren
es j�i � �j j 
annot 
at
h up with a veryfast in
rease in bij , and the �
titious in
rease in theirprodu
t o

urs.To over
ome this methodologi
al di�
ulty, we putrestri
tions on bij in our iterative 
omputations, by set-ting it to not ex
eed a 
ertain value bmaxij : bij � bmaxij .Then we made simulations with di�erent bmaxij , fromsmaller to larger ones, until all physi
ally important
hara
teristi
s of the evolution, in
luding the in
uba-tion and nu
leation times tin
r and tNr and the maximumdensity of super
riti
al pre
ipitates dmaxs , 
eased to sig-ni�
antly 
hange as bmaxij in
reases. This happens atbmaxij = 250, and this value was used in all our simula-tions. A
tually, at bmaxij = 500, the dmaxs values may beeven lower than at bmaxij = 250 (while for bmaxij < 250,they monotoni
ally in
rease with bmaxij ), but the di�er-en
es lie within statisti
al errors. After the nu
leationstage is over and �u
tuations are swit
hed o� a

ordingto model (71), the values j�(�i��j)j typi
ally de
reaseby two orders of magnitude with respe
t to the nu
le-ation stage. This allows us to signi�
antly de
reasebmaxij , usually down to bmaxij = 10, and thus to in
reasethe time step in solving equations. Again, we 
he
kedthat using the same bmaxij equal to 250 both before andafter tNr , and redu
ing it at tr > tNr down to bmaxij = 10,leads to the same des
ription of evolution. In our 
ase,using the Runge�Kutta method does not improve thestability of the numeri
al solution of the equations, butrequires more 
al
ulations at ea
h integration step, andwe therefore used the simpler Euler method in our sim-ulations.The 
omputational e�
ien
y of the SSA ex
eeds496
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hasti
 statisti
al theory of nu
leation : : :that of the KMCA, mainly due to the redu
tion ofthe va
an
y-mediated kineti
s to the dire
t-atomi
-ex
hange models des
ribed in Se
. 2.3. This allowssimulating a mu
h lower number of atomi
 ex
hangesthan the number of va
an
y jumps in the KMCA [18℄,whi
h signi�
antly redu
es the 
omputation time. Forexample, for pre
ipitation in the SF model up to the
oarsening stage with de
reasing the pre
ipitate den-sity by about two times, the SSA 
omputation times inour simulations are by an order of magnitude shorterthan the KMCA 
omputation times, even for the simpleSSA 
odes used with no parallelization. Parallelizationof these SSA 
odes (whi
h is now underway) should fur-ther a

elerate su
h 
omputations, by at least an orderof magnitude.We �nally dis
uss the res
aling of the redu
ed timetr used in the SSA to the physi
al time t determined byEq. (52). In a

ordan
e with the remarks at the end ofSe
. 2.3, we suppose the e�e
tive mean time of dire
tatomi
 ex
hanges, �eff�h in (52), to be 
onstant beforeand after nu
leation (that is, for both tr < tin
r andtr > tNr ), and to linearly vary with tr in the 
ourse ofnu
leation:��h == 8>>>><>>>>: a1; tr < tin
r ;a1+(a2�a1) tr�tin
rtNr �tin
r ; tin
r � tr � tNr ;a2; tr > tNr : (77)The 
onstant a1 = tin
=tin
r is the ratio of the physi-
al and redu
ed in
ubation times, while the 
onstanta2 
an be estimated from the �t of the SSA simulationresults to the evolution rate at the 
oarsening stage.Thus, model (77) in
ludes only two parameters, tin
and a2, whi
h 
an be estimated either from 
ompari-son to KMC simulations or from experiment.In this paper, we use the KMCA results des
ribedbelow for su
h estimates. The resulting time res
a-ling is presented in Fig. 10 as the dependen
e of thee�e
tive dire
t ex
hange rates 
eff�h in Eq. (51) (to beabbreviated to 
eff ) on the physi
al time t; this depen-den
e has a 
learer physi
al meaning than ��h(tr) inEq. (77). The results presented in Fig. 10 and in ana-logous Fig. 3 in [22℄ 
learly illustrate the de
isive role ofva
an
y trapping for time dependen
es of the e�e
tivedire
t ex
hange rates. For all models 
onsidered, theserates monotoni
ally in
rease with the evolution timet, whi
h re�e
ts the development of va
an
y trappingin the 
ourse of pre
ipitation. For the BV model, thistrapping is relatively weak, and 
eff in
reases to the
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Fig. 10. Time dependen
e of the e�e
tive dire
t ex-
hange rate 
effCuFe in Eq. (41) estimated from 
ompar-ison to the KMCA results. Di�erent 
urves from topdown respe
tively 
orrespond to the alloy states LBS-1,SF-1, SF-2, and SF-3. Arrows indi
ate the in
ubationtime tin
 (
olor online [31℄)
oarsening stage just by about a fa
tor of two. For theLBS model, the va
an
y trapping is also not too pro-noun
ed (although stronger than for the BV model),and the total in
rease in 
eff is about 6 times. Forthe more realisti
 SF model, the va
an
y trapping isvery strong [18℄. Therefore, for the three SF states
onsidered, the 
eff values in
rease between the in
u-bation and nu
leation stages by more than two ordersof magnitude, and as the temperature T de
reases, thisin
rease seems to be
ome greater, in a

ordan
e witha probable stronger trapping at lower T .5. MICROSTRUCTURE EVOLUTIONOBSERVED IN KMCA AND SSASIMULATIONS5.1. Evolution of density and sizes ofpre
ipitatesEvolution of the density of di�erent pre
ipitates isshown in Figs. 11�14. Solid lines and symbols in these�gures show the results obtained in two di�erent KMCruns; the di�eren
es between these lines and the sym-bols illustrate the s
ale of errors (mainly statisti
al) ofthese KMC results. It 
an be seen from Fig. 11 that forthe SF-1 state and relatively small pre
ipitates p . 10,su
h errors are signi�
ant at the nu
leation stage, while6 ÆÝÒÔ, âûï. 3 497
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Fig. 11. Evolution of the density of pre
ipitates 
on-taining i � p 
opper atoms, dp (left s
ale), and thetotal number of su
h pre
ipitates within the KMCsimulation box V KMCs , Np = NKMCp (right s
ale),for the SF-1 alloy state. For the SSA simulationswith V SSAs = 2V KMCs , these Np should be doubled:NSSAp = 2Np. Solid lines from top down 
orrespondto the respe
tive KMCA results for p = 11, 15, 21, and26, while the symbols (
ir
les, squares, triangles, and
rosses) show the analogous results obtained in anotherKMC run. The dashed line shows the SSA results forp = 15 and g0 = 1:65 (
olor online [31℄)for larger p, and at later stages of the evolution, theseerrors de
rease. For the LBS-1 model (Fig. 14), thedi�eren
es between two KMC runs are smaller be
ausethe �u
tuation e�e
ts are mu
h weaker here. We alsonote that the di�eren
e between the values of dp at twoneighboring 
urves in Figs. 11�14, d(i) = (dp1 � dp2),has the meaning of the density of pre
ipitates that in-
lude i 
opper atoms with p1 � i < p2.We �rst dis
uss the KMCA results presented inFigs. 11�14. We note that they qualitatively agree withthe 
lassi
al nu
leation theory (CNT) ideas des
ribedin Se
. 3.1. In parti
ular, all dependen
es dp(t) revealthe presen
e of four main stages of de
omposition: in-
ubation, nu
leation, growth, and 
oarsening. For amore quantitative 
omparison to the CNT, we shouldestimate the �
riti
al� embryo size p
. In thermody-nami
 
al
ulations in [26�28℄, the 
riti
al embryo is pre-
isely de�ned as the set of mean o

upations f
ig that
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Fig. 12. The same as in Fig. 11, but for the SF-2 stateand p = 8, 11, 16, and 21. The dashed 
urve shows theSSA results for p = 11 and g0 = 1:7, and the 
hainedline, the SSA results for p = 11 and g0 = 1:8 (
oloronline [31℄)
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102Fig. 14. The same as in Fig. 11, but for the LBS-1state and p = 6, 11, 15, and 26, while the dashed
urve shows the SSA results for p = 15 and g0 = 1:9(
olor online [31℄)
orresponds to a saddle point of the generalized free en-ergy Ff
ig in the multi-dimensional spa
e 
i [27℄. Atthe same time, the analogous 
riti
al size for nu
leat-ing pre
ipitates 
annot be de�ned uniquely. It seemsnatural to de�ne it as the lowest value of the embryosize p su
h that the most probable evolution path atp > p
 is growth rather than shrinkage or dissolution,but due to the presen
e of �u
tuations inherent to thenu
leation pro
ess, su
h �kineti
� 
riti
al sizes 
an bedetermined only approximately.Using the KMCA results in Figs. 11�14, we 
an es-timate these p
 from the shape of the dp(t) 
urves atdi�erent p. For the SF model, for whi
h �u
tuations inthe dependen
es dp(t) are pronoun
ed at small p andde
rease at larger p, we 
an suggest that the begin-ning of de
rease in these �u
tuations with in
reasing pshould 
orrespond to the relation p & p
. For the SF-1,SF-2, and SF-3 states, this 
orresponds to p
 � 15,p
 � 11, and p
 � 8. Be
ause these estimates agreewell with the �thermodynami
� 
riti
al sizes N
 in Ta-ble 2, we use the respe
tive values 15, 11, and 8 forthe 
riti
al size p
 in the SF-1, SF-2, and SF-3 alloystate. We note that in the SSA simulations, the p
 val-ues are used only to de�ne the �end of nu
leation� timetNr in Eq. (71) as the time of 
reation of the last 
riti
al

pre
ipitate, and slight variations of p
 have almost noe�e
t on the evolution.It 
an be seen from Figs. 11�13 that the time depen-den
es dp(t) at these p = p
 generally have a 
ommonform similar to that obtained by SM [4℄ in their simpli-�ed model, whi
h agrees with the CNT ideas des
ribedin Se
. 3.1. At the same time, these dependen
es revealat least two di�eren
es from the CNT ideas.(A) Flu
tuations in the dp
(t) dependen
es arerather pronoun
ed and signi�
ant even for �super
riti-
al� embryos with p > p
, and the more so for under-
riti
al ones with p < p
. This is espe
ially 
learly seenfrom the KMC results shown in Fig. 11 by solid lines,while in Figs. 12 and 13, these �u
tuations are partlysmoothed be
ause fewer results are plotted.(B) These �u
tuations are large and important notonly during the nu
leation but also after its 
omple-tion when the average density of super
riti
al pre
ipi-tates 
eases to in
rease. This is seen, in parti
ular, inFig. 13, where the 
urve dp(t) at p = 16 � 2p
 reveals awide and pronoun
ed minimum between t = 3 �105 and4 � 105 s, de
reasing there by about 1.5 times. There-fore, for the SF model, �u
tuations are important forthe evolution even at the growth stage.A thorough 
omparison of the KMCA results inFigs. 11�13 with the available measurements of the den-sity of pre
ipitates under de
omposition of iron�
opperalloys was made by SF [18℄. It was found that the the-ory agrees with these experiments within the a

ura
yof both of them. A

ording to Figs. 11�13, the same
an also be said about the SSA results.We now dis
uss the dependen
es dp(t) for the LBS-1state, for whi
h the thermodynami
 nu
leation barrierF
 (given in Table 2) is low, F
 . T . In this 
ase, theevolution of not large �thermodynami
ally super
riti-
al� embryos with p & N
 again di�ers from the CNTideas: the e�e
ts of �u
tuations are strong here dueto the low thermodynami
 gain under growth of su
hembryos. Be
ause their stability is low, they often dis-solve rather than steadily grow as the CNT supposes.This 
an qualitatively explain a signi�
ant de
rease inthe �plateau� in the dp(t) 
urves with p � 15 
omparedto those with p = 6 and p = 10 in Fig. 14. In this 
ase,it seems more adequate to suppose the kineti
 
riti
alsize p
 to signi�
antly ex
eed N
, su
h that the domi-nant evolution path at p > p
 would be the growth ofthe embryo. For the LBS-1 state, we estimate this sizeas p
 � 15.The SSA results for the pre
ipitate density dp(t)presented in Figs. 11�14 have been obtained as de-s
ribed in Se
. 4. We note that a res
aling of thetime tr used in the SSA to the time t used in the499 6*
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t, sFig. 15. The average number of 
opper atoms hii within a pre
ipitate versus the evolution time t. Frames a, b, 
, and d
orrespond to the respe
tive alloy states SF-1, SF-2, SF-3, and LBS-1. Solid lines and squares 
orrespond to the KMCA.Dashed lines 
orrespond to the SSA with g0 from (72), and the 
hained line (in frame b ), to g0 = 1:8. Arrows show the tvalues that 
orrespond to tNr in Eq. (71) (
olor online [31℄)KMCA (illustrated by Fig. 10) 
orresponds to theabove two-parametri
 �t of only the �horizontal� inter-vals in Figs. 11�14, while the �verti
al� intervals, thatis, the density dp values, are 
al
ulated in the SSA withno �tting parameters. We see that for all the four alloystates 
onsidered, these dp(t) agree with the KMCAresults within errors of these results mentioned above.Figure 12 (as well as Fig. 15b) also shows that 
hangesin the SSA results due to possible variations of g0 be-tween g0 = 1:7 and g0 = 1:8 mentioned in derivingestimates (72) are relatively small.In Fig. 15, we show time dependen
es of the averagenumber of 
opper atoms within a pre
ipitate (�pre
ip-itate size�) hii = ip(t). Results of the KMCA and SSA
al
ulations usually seem to agree within the KMCAerrors ex
ept for time intervals just after tNr , whereiSSAp notably ex
eed iKMCAp . This disagreement seems

to be again related to 
rudeness of the oversimpli�edmodel (71) for the length g(tr) determining the s
aleof �u
tuative terms Ænf in sto
hasti
 equation (56).As mentioned, model (71) 
orresponds to a 
onstantg(tr) = g0 at tr < tNr and to a sharp in
rease in g(and hen
e to abruptly swit
hing o� the �u
tuations)at tr � tNr , while a
tually the length g starts to in
rease(and the �u
tuations Ænf to de
rease) immediately af-ter the beginning of nu
leation, and g remains �nite(and �u
tuation e�e
ts noti
eable) at the growth stageas well. Therefore, at tr > tNr , the SSA-
al
ulated ip(t)in Fig. 15 grow more rapidly than in the KMCA (and inreality) be
ause this growth is a
tually still hamperedby noti
eable �u
tuation e�e
ts. Therefore, we 
an ex-pe
t that these disagreements will redu
e or vanish ifthe models of g(tr) more realisti
 than (71) are used inthe SSA.500
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Fig. 16. Upper frame: Distribution of 
opper atoms forthe SF-1 alloy state just before nu
leation, t = 55 s,observed in the KMCA. Ea
h sphere 
orresponds to a
opper atom. Lower frame: Distribution of the lo
al
on
entrations 
i for the same state as in the upperframe observed in the SSA. Sites with 
i < 0:05 arenot shown (
olor online [31℄)5.2. Features of mi
rostru
ture at di�erentstages of pre
ipitationIn Figs. 16�19, we show mi
rostru
ture of the SF-1 alloy state at di�erent stages of the evolution ob-served in the KMCA and SSA-based simulations. Be-
ause the SSA simulation box was twi
e as large as thatused in the KMCA, the total number of pre
ipitates inthe SSA-based (lower) frame in ea
h of Figs. 16�19 isabout twi
e that presented in the KMC-based (upper)frame. Figures 16�19 illustrate the pro
esses of nu
le-ation, growth, and 
oarsening dis
ussed above.In 
omparing the KMCA and SSA results inFigs. 16�19, we note that the SSA, as well as any other
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Fig. 17. The same as in Fig. 16, but at the end of nu-
leation, t = 1000 s. Light spheres in the upper frameshow 
opper atoms that belong to some super
riti
alpre
ipitate (
olor online [31℄)statisti
al des
ription, disregards details of parti
ularatomi
 
on�gurations presented in the KMCA snap-shots, but it allows pi
king out essential features of mi-
rostru
ture that often 
annot be easily apprehended inthese snapshots. This is illustrated by Fig. 16, wherethe SSA frame 
learly shows a number of regions sig-ni�
antly enri
hed by 
opper atoms, that is, pre
ursorsof pre
ipitates to be 
reated, while su
h regions arenot 
learly seen in the analogous KMC frame. Simi-lar di�eren
es in des
ribing pre
ipitates 
an be seen inFigs. 17�19. The main quantitative 
hara
teristi
s ofpre
ipitates, su
h as their density and sizes dis
ussedabove, 
an be easily determined in both approa
hes.At the same time, the presen
e of signi�
ant 
rys-talline anisotropy, parti
ularly for not large pre
ipi-501
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Fig. 18. The same as in Fig. 17, but at the beginningof 
oarsening, t = 2000 s (
olor online [31℄)tates, 
an be established only after some spe
ial anal-ysis in the KMCA [15, 18℄, but is immediatelly seenin the SSA frames. The di�eren
e between two de-s
riptions is also evident for interfa
es of pre
ipitates.In the KMCA frames in Figs. 17�19, these interfa
esare usually rather sharp but typi
ally not �at and notregular, while in the analogous SSA frames, these inter-fa
es seem to be somewhat di�use and have typi
ally�intermediate� values of lo
al 
on
entration: 
i � 0:5.The di�eren
es arise be
ause ea
h lo
al 
on
entration
i in the SSA is obtained by averaging over some lo-
ally equilibrated vi
inity of site i, that is, over a rela-tively rapid motion of surfa
e atoms on the �non�lled�fa
et 
onsidered. At the same time, inner parts of pre-
ipitates (for both the KMCA and SSA) in
lude only
opper atoms, whi
h is 
learly seen in the SSA frameson 
uts of pre
ipitates by boundary planes of the sim-ulation box.
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Fig. 19. The same as in Fig. 17, but at some intermedi-ate stage of 
oarsening, t = 4000 s (
olor online [31℄)Therefore, Figs. 16�19 also illustrate a 
omplemen-tary 
hara
ter of des
ribing the evolution of mi
rostru
-ture by the KMCA and the SSA.5.3. Kineti
s of nu
leationAs dis
ussed above, the SSA provides a partly aver-aged des
ription of atomi
 distributions, primarily aim-ing at adequate 
al
ulations of lo
ally averaged quanti-ties, su
h as the density of di�erent pre
ipitates, theirstru
ture, morphology, and so on. Therefore, quanti-tative treatments of phenomena that are mainly deter-mined by �u
tuations, su
h as pro
esses of 
reation andevolution of under-
riti
al and near-
riti
al embryos,lies outside the s
ope of the SSA in general. Howe-ver, as mentioned above, the qualitative 
hanges of mi-
rostru
ture, su
h as those 
orresponding to the nu
le-ation pro
ess, 
an often be more easily followed in the502
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Fig. 20. Distribution of lo
al 
on
entrations within a plane 
ontaining several nu
leating pre
ipitates for the SF-1 state atthe following redu
ed time tr values: 7:5 (a), 7:9 (b ), 8:0 (
), 8:1 (d), 8:5 (e), and 9:0 (f). For ea
h point r in the �gure,the 
(r) value is obtained by interpolation between 
i on the neighboring latti
e sites. The relation between 
oloring andthe 
i values is shown in the right part of the �gure (
olor online [31℄)SSA rather than in the KMCA. Therefore, it 
an be in-stru
tive to study kineti
 details of nu
leation with theuse of the SSA, even though the s
ale of �u
tuation ef-fe
ts in su
h a study is most probably underestimated.Some results of su
h studies are presented inFigs. 20�22, whi
h illustrate pro
esses of sequent 
re-ation of three super
riti
al embryos for the SF-1 alloystate. Figures 20a�e also show pro
esses of 
reation anddissolution of an �under
riti
al� embryo: the 
on
entra-tion �u
tuation in the right 
entral part of these frames�rst in
reases to the values 
i � 0:1, but then de
reasesand disappears. On the 
ontrary, Figs. 20d�f illustratea �su

essful� nu
leation pro
ess. The lo
al �u
tuationpositioned below that dis
ussed in the foregoing �rst in-
reases in both size and amplitude, and then suddenlyshrinks with formation of a �kineti
� super
riti
al em-bryo. Later on, this embryo survives and grows, butthis growth is �rst nonmonotoni
 and in
ludes a �par-tial dissolution� pro
ess illustrated by Figs. 21a and21b. We note that at �rst stages of this pro
ess shown

in Figs. 20e and 20f, the embryo is extended and shape-less, while later on, it is rather irregularly shaped, andhen
e seems to have little in 
ommon with the �ther-modynami
� 
riti
al embryos shown in Fig. 2.Creation and evolution of two other embryos shownin Figs. 21 and 22 pro
eed similarly. In both 
ases, theinitial extended and shapeless �u
tuation of 
on
entra-tion �rst suddenly shrinks su
h that maximum 
on
en-trations within it rea
h �
riti
al� values 
i & 0:12, afterwhi
h embryos seem to be
ome �super
riti
al�. Thensubsequent �u
tuations lead to a partial dissolution ofthese embryos, but in both 
ases they survive and startto grow later on. This growth 
orrespond to �su
king�of 
opper atoms from adja
ent regions and thus to de-pletion of 
opper 
on
entration in these regions.The examples 
onsidered 
an also illustrate the ki-neti
 me
hanism of nu
leation. It 
an be regarded asa lo
al spinodal de
omposition that starts when theamplitudes and extension of a lo
al �u
tuative enri
h-ment of 
on
entration be
ome large enough for the503
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Fig. 21. The same as in Fig. 20, but at the following tr: 21 (a), 24 (b ), 29 (
), 31 (d), 34 (e), and 38 (f) (
olor online [31℄)�uphill di�usion� me
hanism 
hara
teristi
 of spinodalde
omposition [32℄ to be
ome operative. In the ex-amples 
onsidered, this seems to 
orrespond to lo
al
on
entrations 
i & 0:07�0.09 (while the uniform spin-odal de
omposition boundary, a

ording to Fig. 1, is
s � 0:045) in the region l & (7�8)a. Su
h an inter-pretation of nu
leation as a �u
tuation-indu
ed lo
alspinodal de
omposition 
an be useful for a qualitativeunderstanding of many phenomena in this �eld, in par-ti
ular, of a large ex
ess in probabilities of nu
leationnear the binodal 
urve observed experimentally [36℄
ompared to estimates of the 
lassi
al theory of nu-
leation (55).5.4. Changes in mi
rostru
tural evolutionunder variations of temperature or
on
entrationAs mentioned in Se
. 4.1, the kineti
 type of alloyde
omposition is mainly determined by the value of theredu
ed supersaturation s in (65), whi
h is less thanunity for metastable states under 
onsideration. Lows 
orrespond to the states with the 
on
entration and

temperature values (
; T ) 
lose to the binodal 
urve forwhi
h a �deep NG� type of evolution with a low densityand large sizes of nu
leating pre
ipitates is 
hara
ter-isti
. An in
rease in s 
orresponds to an approa
h tothe spinodal 
urve and a de
rease in nu
leation barri-ers, and hen
e nu
leating pre
ipitates should be
omesmaller (whi
h is illustrated by Table II), while theirdensity should in
rease. Based on these 
onsiderations,we 
an expe
t that the redu
ed supersaturation s is themain parameter determining mi
rostru
tural evolution,but at a given s, mi
rostru
ture 
an also signi�
antlyvary with the 
on
entration or temperature.To illustrate these variations, in Fig. 23 we show mi-
rostru
ture at the end of nu
leation for the SF-1, SF-3,and SF-4 alloy states des
ribed by Tables 1 and 2 andFig. 2. In simulations for the SF-4 state (whi
h has thesame supersaturation s as the SF-3 state, but higher
on
entration and temperature), we used g0 = 1:9, thesame as for the SF-3 state. Figure 23 shows that ina

ordan
e with the foregoing, the in
rease in the su-persaturation s in SF-3 and SF-4 states 
ompared toSF-1 by about 1.5 times leads to a mu
h higher densityof nu
leated pre
ipitates: by about 3.6 times for the504
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Fig. 22. The same as in Fig. 10, but at the following tr: 46 (a), 47 (b ), 48 (
), 49 (d), 50 (e), and 53 (f) (
olor online [31℄)SF-3 state, and by 2.2 times for the SF-4 state. Onthe other hand, Figs. 23b and 23
 illustrate di�eren
esin mi
rostru
ture for the same s but di�erent 
 andT . For the SF-4 state, pre
ipitates are notably larger,while their density is 1.5 times lower than those forthe state SF-3. These di�eren
es are 
orrelated withdi�eren
es in 
hara
teristi
s of thermodynami
 
riti
alembryos for these two states presented in Table 2 andFig. 2: both 
riti
al sizes and redu
ed nu
leation bar-rier F
=T for the SF-4 state notably ex
eed those forthe SF-3 state. 6. CONCLUSIONSTo 
on
lude, we summarize the main results in thiswork.1. A 
onsistent and 
omputationally e�
ient sto-
hasti
 statisti
al approa
h is developed to mi
ros
opi
studies of the kineti
s of de
omposition of metastablealloys.2. In this approa
h, the des
ription of evolution interms of a 
ertain redu
ed time in
ludes no �tting pa-rameters. This redu
ed time 
an usually be res
aled

to the physi
al time with the use of several 
onstants,whi
h 
an be estimated either from 
omparison to ki-neti
 Monte Carlo simulations or from experiment.3. For several realisti
 models of iron�
opper al-loys studied, the results of this approa
h typi
ally agreewith the kineti
 Monte Carlo simulation results withinerrors of these simulations.4. Oversimpli�ed model (71) for the importantkineti
 parameter of the theory, the size of lo
allyequilibrated regions for the nu
leation stage, seemsto be su�
ient for des
ribing the main 
hara
teristi
sof mi
rostru
ture. But an adequate des
ription oftemporal dependen
es requires using more realisti
models dis
ussed in Se
s. 4.2 and 5.1.The authors are mu
h indebted to I. A. Zhuravlevfor his help in this work, and to Yu. N. Gornos-tyrev, P. A. Korzhavy, and G. Martin for the numer-ous valuable dis
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Fig. 23. Distribution of 
on
entrations 
i at the endof nu
leation for the following alloy states: SF-1 (a),SF-3 (b ), and SF-4 (
) (
olor online [31℄)No.NS-3004.2008.2); and by the program of S
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