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A consistent and computationally efficient stochastic statistical approach (SSA) is developed to study the ki-
netics of nucleation and evolution of nano-sized precipitates in alloys. To increase the accuracy of the method,
many refinements of the previous simplified versions of this approach have been made. We consider a realistic
vacancy-mediated exchange kinetics rather than the simplified direct-atomic-exchange model; use quantitative,
cluster statistical methods rather than simple mean-field-type approximations; allow strong concentration and
temperature dependences of generalized mobilities in the resulting kinetic equations; consider realistic alloy
models based on first-principle calculations, and so on. We also introduce the “maximum thermodynamic gain”
principle to determine the key kinetic parameter of the SSA, the characteristic length of local equilibrium in
the course of the nucleation process. For several realistic models of iron—copper alloys studied, the results of
the SSA-based simulations of precipitation kinetics made in this work agree well with the kinetic Monte Carlo
simulation results for all main characteristics of the microstructure. The approach developed is also used to
study the kinetics of nucleation and changes in microstructural evolution under variations of temperature or

concentration.
1. INTRODUCTION

Studies of microstructural evolution in phase-sepa-
rating alloys attract interest from both fundamental
and applied standpoints. On the fundamental side, elu-
cidation of microscopic mechanisms for the formation
and evolution of embryos of new phases arising under
first-order phase transitions is one of the principal prob-
lems in statistical physics that is still not well under-
stood [1-4]. On the applied side, understanding factors
that determine different microstructure characteristics
formed under precipitation is important for controlling
these characteristics, especially for alloys with nano-si-
zed precipitates, which attract much attention in con-
nection with industrial applications [5-8].

Presently, theoretical studies of the precipitation
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kinetics typically use either the phase—field method
(PFM) [9-14] or Monte Carlo modeling [4,15-18].
However, using the phase—field methods to describe nu-
cleation and evolution of nano-sized precipitates can be
misleading for three reasons at least. First, the “con-
tinuous” approximation used in the PFM disregards
the discrete lattice effects that should be important at
first stages of nucleation when typical precipitate sizes
are few lattice constants. Second, at the concentra-
tion and temperature values typical for applications,
the mean-field-type CALPHAD expressions for ther-
modynamic potentials standardly used in the PFM stu-
dies [9-13] are shown in what follows to strongly distort
the position of spinodals, and hence using these expres-
sions can drastically distort the type of microstructural
evolution. Third, treatment of fluctuative terms (which
are crucial at the nucleation stage) in the “stochastic
PFM” versions used in applications until now [9, 10]
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seems to be arbitrary and inconsistent [19, 20], while
the correct description of these terms determines all the
main characteristics of the microstructure.

Therefore, the only reliable source of theoretical in-
formation about nucleation and evolution of nano-sized
precipitates is the Monte Carlo modeling, in particular,
the kinetic Monte Carlo approach (KMCA) developed
in Refs. [4,15-18]. However, present versions of the
KMCA are time-consuming, which may partly explain
a relatively small number of applications of this method
to specific systems [17, 18]. Moreover, the lattice misfit
and elastic strain effects, which are important for many
phase-separating alloys, cannot be easily taken into ac-
count in the KMCA, while this causes no problems in
statistical approaches [21]. Finally, in the KMCA, it
is often difficult to follow the dependence of various
characteristics of the evolution on thermodynamic and
microscopic parameters of an alloy, such as the com-
position, temperature, different interaction constants,
while this is usually much simpler to do using statistical
methods based on some analytic relations. Therefore,
the development of a consistent statistical theory that
takes all achievements of the KMCA into account seems
to be very important for a deeper understanding of the
phase separation kinetics.

Recently, Stroev et al. [20] (SPV) presented an at-
tempt to develop such a theory using the stochastic
statistical approach (SSA) described in Sec. 3.2 below.
To illustrate the main ideas of this approach, SPV used
only the simplest methods and models, such as the
mean field approximation (MFA), continuous approx-
imations, the direct-atomic-exchange (rather than the
vacancy exchange) kinetic model, oversimplified inter-
action models, and so on, while no attempts of a quan-
titative treatment of realistic alloy models have been
made.

The main aim of this paper is to increase the accu-
racy and the predictive power of the SSA in describing
the precipitation kinetics for realistic alloy models up
to the level comparable to that of the KMCA. For this,
we perform detailed studies of nucleation and evolution
of nano-sized precipitates in Fe—Cu alloys using both
the KMCA [16, 18] and the SSA. This requires many
refinements of simple models used by SPV. We have to
consider the realistic vacancy-mediated exchange kinet-
ics rather than the simplified direct-atomic-exchange
model; to use the quantitative, cluster statistical meth-
ods rather than the simple MFA; to allow strong con-
centration and temperature dependences of generalized
mobilities in the resulting kinetic equations, and so on.
All these refinements are made in the present work.
We also introduce the “maximum thermodynamic gain”

principle to determine the key kinetic parameter of the
SSA, the characteristic length of local equilibrium in
the course of the nucleation process.

In Sec. 2, we discuss the methodological problems
mentioned above: generalizations of our statistical ap-
proach to the vacancy-mediated kinetics case; using
cluster methods for both thermodynamic and kinetic
statistical calculations; elaboration of effective methods
for calculations of the effective mobilities that enter the
resulting kinetic equations, and so on. We also genera-
lize the previously suggested “equivalence theorem” [22]
that allows reducing the vacancy-mediated kinetics to
that for some equivalent direct-exchange models. In
Sec. 3, we recall the basic ideas of the classical theory of
nucleation and present the main equations of the SSA.
In Sec. 4, we discuss the models and the methods of
simulations used and describe the “maximum thermo-
dynamic gain” principle suggested to estimate the local
equilibrium length. In Sec. 5, we discuss the features of
microstructural evolution observed in the KMCA and
SSA simulations for various alloy states. We also use
the SSA to study kinetics of nucleation and the influ-
ence of temperature or concentration variations on the
evolution of the microstructure. Our main conclusions
are summarized in Sec. 6.

2. QUASI-EQUILIBRIUM KINETIC
EQUATIONS FOR VACANCY-MEDIATED
KINETICS IN SUBSTITUTIONAL ALLOYS

2.1. General equations for mean occupations of
lattice sites

In this section, we derive kinetic equations for mean
occupations of lattice sites disregarding fluctuations of
atomic fluxes that lead to local violations of the sec-
ond law of thermodynamics. These “quasi-equilibrium
kinetic equations” (QKE) differ from the stochastic ki-
netic equations discussed below (which do take such
fluctuations into account) and generalize those used by
SPV [20] for simplified direct-atomic-exchange models
to more realistic, vacancy-mediated-exchange (VME)
models. We also generalize a similar treatment of the
VME kinetics by Belashchenko and Vaks [22] (BV) to
more realistic VME models used in Refs. [16, 18] and
below.

We consider a substitutional alloy with m + 1 com-
ponents p' that include atoms of m different species,
P = p1,P2,.--,Pm, and vacancies v: p’ = {p,v}. The
distributions of atoms over the lattice sites i are (je—
scribed by the different occupation number sets {n? },

where the operator nfl is 1 when the site 7 is occupied
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by a p'-species component and 0 otherwise., For each
1, these operators satisfy the identity Zp, n? =1, and
hence only m of them are independent. It is convenient
to mark th§ independent operators with Greek letters
poro: (nY )indep = nf, while the remaining operators
h-are expressed via n!:

denoted as n;
nf=1->"n’. (1)
P

For dilute alloys, it is convenient to set “A” in (1) to be
the host component, e.g., h = Fe for Fe—Cu—v alloys.

In terms of all operators n?, the configurational
Hamiltonian H' (supposed to be pairwise for simplic-
ity) can be written as

]_ ror ’ ’
H =5 3 v alnt (2)

p'q’ i)

After elimination of the operators n/

Hamiltonian (2) takes the form

according to (1),

H = Eo + Zsopn’? + Hint,

po p o'
Hip = § Usij

po,i>j

(3)

which includes only the independent n!, while the con-
stants Fy and ¢, and the “configurational interactions”

po
vf

sz; ¢ in (2), in particular,

are linearly expressed in terms of the couplings

= (VP7 =Pl —vhe L YR, (4)

l]

The fundamental master equation for the probability P
of finding an occupation number set {nf} = £ is [21]:

=2 Wi

where W (&, n) is the n — £ transition probability per
unit time. Adopting the conventional “transition state”
model for the probabilities W [4, 15, 16, 18], we can ex-
press the transfer matrix S in (5) in terms of the pro-
bability of an elementary inter-site exchange (“jump”)
pi = vj between neighboring sites ¢ and j:

W, &)P(E)] = SP, (5)

WE = ninjwp, exp[-B(EpD; — Byl (6)

where wy,, is the attempt frequency, B =1/T is the re-
ciprocal temperature, ESP - is the saddle-point energy,

Pivj
and EI’,’}W is the initial (before the jump) configura-
tional energy of the jumping atom p and the vacancy.
The saddle-point energy Em vj» generally, depends on
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the atomic configuration near the bond ij (which is ne-
glected in simplified kinetic models [4, 15, 22]). We de-
scribe this dependence by the model used in Refs. [16]
and [18], assuming the saddle-point energy to depend
only on occupations of lattice sites [ nearest to the cen-
ter of the ij bond (these sites are denoted by 1% ):
ESP

pi,vj

= > =B -AL ()
al=l

Here, EY is the saddle-point energy for the pure host

metal, and the operator Afj describes changes in this

energy due to a possible presence of minority atoms
near the bond:

> At 8)

p, 1=l

p _ b D
Eh_znn8h7

» 18 the total number of nearest lattice sites [
= 6 for a BCC lattice) and

where 2%
for each bond (which is 2%,
Ap= ()

As discussed in detail in [21], under the usual condi-
tions of phase transitions corresponding to the absence
of external fluxes of particles or energy (that is, when
the alloy is not an “open” but a “closed” statistical sys-
tem), the distribution function P(§) = P{n?} in (5)
can be written as

P{nfl} =exp Q+ Z N —Hie || (9)
pi

The parameters A? (which are both time- and space-
dependent in general) can be called “site chemical po-
tentials” for p-species atoms; Hj,; is the same as in (3);
and the generalized grand canonical potential  is de-
termined by normalization. The analogous equation
(10) of BV [22] (who treated both closed and open
systems) differs from (9) by replacing the interaction
Hamiltonian with a more general “quasi-interaction”
operator Q. For the closed systems discussed in this
work, Q) = H;,,;, and this relation greatly simplifies the
kinetic equations discussed below compared to those of
BV.

Multiplying Eq. (5) by operators nf and summing
over all configurational states, i. e., over all number sets
{nf}, we obtain the set of equations for mean occupa-

tions of sites (“local concentrations”) ¢f = (nf):

dc?

L= (n23), (10)

where ((...)) = Tr{(...)P} denotes averaging over the
distribution P, for example,
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c? =(n ey P{n7}. (11) o o
Z {nz} by = ”f”? exp ZB(% +ufy)n; +
al
After a number of manipulations described by -
BV, Egs. (10) can be transformed into the QKE for + Z BALN (A7)
o o, 1=li,

mean occupations ¢;. These equations are similar to
Eqs. (19) and (42) of BV [22] but include generaliza-
tions and simplifications mentioned above:

Z "Vozv - 5;')77?)7 (12)
JTL’".
dej v h 3 3
= D & | bl + D sl | -
Jnn () 8
—{i—=gt. (13)
Here and hereafter, Greek indices a, ... correspond

to the minority atoms; the symbol “v” is used for va-
cancies; the index nn means “nearest neighbors”, and
“jnn(1)” means summation over sites j that are nearest
neighbors of the site i. The term v,, in (13) (where p
is a or h, i.e., a minority or host atom) is the effective
exchange rate p = v for a pure host metal. This term
can be written in a form similar to Eq. (6):
Yoo = wpw exp(=BEZL), (14)
where wp, is the same as in (6), while EP? is the effec-
tive activation energy expressed in terms of the saddle-
point energies E} in (8) and couplings Vp 7 in (2) as

ER = Ep = (VR4 VEh) 4 ViR
J

(15)

We note that for minority atoms p = «, expressions
(15) differ from analogous activation energies EaC Me
used in the KMCA and given by Eq. (2.5) in Ref. [16]

v
ac,MC + vnnv

Eg;) = E[lw Eac MC- (16)
The difference arises because in the statistically ave-
raged Eqs. (12) and (13), probability (6) is averaged
over distribution (9), and for the inter-site exchange
ai = vj, it leads to an extra Gibbs factor exp(—/Svg")
in the averaged probability.

The quantities by; in (13) (to be called “correlators”
for brevity) are certain averages of site occupations that
describe the effect of minority atoms in a vicinity of the

bond 7j on the pi = vj jump probability:
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where AP is the same as in (8), while the quantities u$
(to be called “kinetic interactions” because they affect
only the effective jump probabilities but not therm{o—
dynamic properties) are related to the couplings V;}?
in (2) as

zl - V ‘/;?h (18)

Finally, the quantities £ and n$ in (13) and (12) can
be called “site thermodynamic activities” for vacancies

and a-species atoms because they are related to the
site chemical potentials A? in (9) as

& =exp(BA)), nf =exp(BAY),

that is, similarly to the relations between conventional
thermodynamic activities and chemical potentials.

(19)

2.2. Calculations of the site chemical
potentials A and correlators bfj

To solve QKE (13), we need explicit expressions
for the site chemical potentials A\ = X/(¢;) deter-
mined by Eqs. (11), and for correlators b}; = b};(cy)
determined by Eqs. (17). To find these expressions,
we should use some approximate method of statistical
physics, such as the MFA or cluster methods [21]. As
discussed in detail in [23, 24] and below, at the realistic
values of the couplings vf‘jﬁ that significantly exceed the
temperature 7' (which is typical, in particular, for the
iron—copper alloys under consideration), using the MFA
leads to great errors in calculations of thermodynamic
potentials, which excludes any realistic description. At
the same time, the pair cluster approximation (PCA)
usually combines the simplicity of calculations with a
rather high accuracy, particularly at low ¢ and T" under
consideration (see, e.g., [23-25]). For the site chemical
potentials A7, we therefore use their PCA expressions,
which for a binary alloy ABv with minority atoms A,
host atoms B, and a realistically small concentration of
vacancies ¢y < 1 are given by Eqs. (39) of BV:

Ai=T |In ( ) Zln 1—gijei) |, (20)
€ J#i
A =T |In <—;> Zln + 9i;¢5) (21)

J#i
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Here, \; = )\f‘, c; =ch, ch

i Ci :(I—Ci—Cf) ~ (l_ci)7
and the function g;; or gj; is expressed in terms of
the Mayer function fi; = [exp(—fuvi;) — 1] or ff; =
= [exp(—ﬂvff‘) — 1] for the potential v;; = v24 or v¥A

ij ij
defined in (4),

vij = VA4 — 2B 4 v BB )
= V§t Vi - VP 4+ ViEP,
as follows:
gij = 2fij/[Rij + 1+ fij(ci + ¢;)],
97 = 2[5/ [Rij + 1+ fij(ci = ¢;)]; (23)

1/2

Rij = {[L+(citey) fifP—deic; £ (fi+1) } 2.

We also present the PCA expression for the free
energy F' of a binary alloy [21], to be used in Sec. 4.2
below in discussing the thermodynamics of precipita-
tion:

F = ZTlnc?
i

1
+ E Aici,  (24)

where g¢;; is the same as in (23). If the tempera-
ture 7" much exceeds the couplings v;;, T > vy,
PCA expressions (20) and (24) transform into the MFA
ones [21]. However, as mentioned, the opposite inequa-
lity T <« v;; typically holds in situations of practical
interest, and using the MFA is misleading.

We now discuss the calculation of the correlators
bfj in (17). For simplicity, we first consider the case of
configuration-independent saddle-point energies when
the differences A? in Eqgs. (8) and (17) vanish and the
correlators bfj = b;; are independent of the kind of a
jumping atom p. Using the identities

(nf’“)2 =nj, nf‘nf = nj'6as, n?nlh =0, (25)
exp(zni') =1+nj f(x), f(z)=(e"-1),
we can rewrite Eq. (17) as
u—< hH<1+Zflnl>>:
= Z Z Z <nfnhnl°il nﬁf) X
k=0 ll;élk [eARTTIe7Y
flk ? (26)
where we set
I = f(Bufy + Bujy) (27)

with f(z) from (25), and k; in (26) is the total
number of sites with nonzero values of potentials
ug + uf,. For example, for the nearest-neighbor or
next-to-nearest-neighbor interaction models in a BCC
lattice, we have k; = 14 or k; = 20.

To find averages over distribution (9) in (26), we
should again use some approximate method of calcu-
lations, such as the MFA, PCA, or higher-order clus-
ter approximations [21, 25]. However, for most of
the systems of practical interest, in particular, for the
iron—copper alloys discussed below, we can apparently
use the simple MFA in (26), replacing each operator
nf with its mean ¢ = (nf*). This seems to be jus-
tified because the functions f{* in Eqs. (26) and (27)
for such systems are typically rather large (for exam-
ple, f(Bu1) = 5 for the systems described in Table 3
below). Therefore, the main contributions to sum (26)
come from averages of products of many different op-
erators nj* corresponding to well-separated and weakly
correlated sites [. In particular, for the BCC lattice,
these products (even for the nearest-neighbor interac-
tion model) include terms with the neighbors from the
first to the tenth, most often third and fourth. Corre-
lations of occupations for so distant lattice sites should
typically be small, and hence using the MFA that ne-
glects such correlations should be adequate.

In the MFA, Eq. (26) takes the form

“—clcz Z Zc ot

k= 0l17'é l 757,]()(1
Lo (28)

To further simplify this expression, we can take into
account that spatial variations of the local concentra-
tion ¢j* arising in the course of alloy decomposition are
typically rather smooth, especially at the nucleation
stage (for which an adequate description of kinetic co-
efficients that include the correlators b;; is most impor-
tant), see, e. g., Figs. 20-22 below. Hence, the cf* values
for sites [ adjacent to the ij bond that enter Eq. (28)
are usually close to both the ¢f and ¢f, as well as to
their mean

cz] - (C -|-C )/2 (29)

Therefore, to avoid unnecessary computational compli-
cations, we can approximate each c¢f* in Eq. (28) by the
mean (29). This allows writing the correlator b;; in (28)
in a simple analytic form,

k¢
bij = c?c;’ (1 + Z cﬁf[’) . (30)

l#1,5
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For example, for a binary alloy ABv in the BCC lat-
tice described by the second-neighbor interaction model
with two kinetic interaction constants u; and us, we
obtain

bij = el [L+ ¢ f(Bur + Bus)]® x

X [1+ & f(Bu)P[1 + &5 f (Buz)]®,  (31)

[e3

where the superscript a = A in ¢

for brevity.

When the differences A2 in Egs. (8) and (17) are
nonzero, the correlator b ; in Eq. (17) can be calculated
in the same way as b;; in Eqs. (26)—(31). The difference
arises only for sites | = [, adjacent to the ij bond, for
which the factors f* defined by Eq. (27) are replaced
by analogous factors fi” defined as

and ug is omitted

A = f(Bufy + Buf, + BAZ). (32)
In particular, for the BCC binary alloy ABv with the
next-to-nearest-neighbor interaction, instead of (31),
we obtain

A
b} = c?cgf [1+ e fA7° x

X [L+ & f (Bua)P[1+ & f (Bu2)]®,  (33)

where fﬁp = f[B(u1 + uz + AP)] and AP =& —£h.

2.3. Equivalence of precipitation kinetics for
vacancy-mediated exchange models to that for
certain direct-exchange models

In this section, we show that the VME kinetics de-
scribed by Egs. (12) and (13) can usually be described
in terms of certain equivalent direct-atomic-exchange
(DAE) models. This generalizes the analogous “equiv-
alence theorem” derived by BV.

We first note that the vacancy activity &
= exp(BAY) in Egs. (12) and (13) is proportional to
the vacancy concentration ¢j. This is illustrated by
Eqs. (21) and is actually a general relation of thermo-
dynamics of dilute solutions. Therefore, time deriva-
tives of mean occupations are proportional to the lo-
cal vacancy concentration ¢ or ¢}, which is natural
for the vacancy-mediated kinetics. Because ¢} is very
small in real alloys, this implies that the relaxation
times of atomic distribution {c¢{'} are by a factor 1/c¥
greater than the time of the relaxation of vacancies at
the given {c¢'} to their “quasi-equilibrium” distribution
c?{c2}, for which the right-hand side of Eq. (13) van-
ishes. Therefore, discarding small corrections of the
relative order ¢} < 1, we can rewrite Eq. (13) as

484

0= %
Fnn (4)

[gf (’thbfl] + ZVQU@%’U?) -

—{i—=Jt, (39
which can be called “the adiabaticity equation” for the
vacancy activity 7. Solving this linear equation, we
can, in principle, express &/ in terms of c¢§. Substitut-
ing these {f'(c%) in Eq. (12) then yields the QKE for
some equivalent DAE model.

To illustrate this approach, we first consider the
VME models with configuration-independent sad-
dle-point energies. For such models, the parameters
AP in (8) are zero, the correlators b}, = b;; are
independent of the species p of a jumping atom, and
adiabaticity equation (34) takes the simple form

> by gl Km +3 mw?) /& -
Jnn (i) o

—{i %j}} =0. (35)
If we let 1/v; denote the first term in the square brac-
kets (35), then the difference in these brackets takes the
form v ! — 1/]._1. Hence, a solution of Eqs. (35) is given
by v; being a constant independent of the site number
i (although possibly depending on time as well as on
temperature and other external parameters):

v = ff/ ('th + ZVQ@”?) = V(t)' (36)

Relation (36) determines the above “quasi-equilibrium”
vacancy distribution ¢¥{c¢}, which adiabatically fast
follows the atomic distribution {c¢}. Substituting it
in Eq. (12), we obtain an explicit kinetic equation for
atomic distributions {c{'} for which the evolution of the
vacancy distribution is characterized by a single param-
eter v(t) being a “spatially self-averaged” quantity:

Z bi]' l/(t)
(4)

Inn

dc§
d—; = [7av’7hv (77})‘ - 77?) +

+ " Yawrs (g =] )] (37)
B

The last term in this equation (erroneously missed in
the analogous Eq. (46) of BV) is present only for ma-
ny-component alloys with two or more species of mi-
nority atoms. Equations (37) can also be rewritten in
the form used for DAE models [21]:
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dczc'y ah B « «
Jnn (8)
o B a o
+ > MiP2sh {5(&. + 07X —Af)] . (38)
Jnn(8),8

where the generalized mobilities M, which describe
inter-site exchanges a=h and o = 3, are given by

B

M%h = "yav"yhvlj(t) bij exp |:§()\? + )\?):| ) (39)

Mg'ﬁ = VQvVBvV(t) bij X
B

X exp [5()\? + A + )\? + /\f) . (40)
Comparing these expressions with Eq. (32) of BV for
the mobilities M}/ in an alloy with the nearest-neigh-
bor direct-exchange rates ;i = 7p, we see that
Eqs. (39) and (40) correspond to a DAE model with
the effective direct exchange rates

eff

Yah = TavYhoV (41)

(t)a ’Yffg = YavYBv V(t)-
We note that the effective DAE rates in (41) are by a
factor ¢, smaller than the vacancy exchange rates 7p,.
We next consider more realistic VME models with
configuration-dependent saddle-point energies in the
case where the correlators bfj in (17) are different for
different p. For such models, the basic adiabaticity
equation (34) for vacancy activities £/ cannot be solved
analytically in general, and hence either numerical or
some approximate analytic methods should be used.
We discuss two such approximate methods below. For

a binary alloy, we can rewrite Eq. (34) as
)0

(

where n; = 08 = exp(f\;) and r;; = 'yavb%/'yhvb?j.
Equation (42) can be solved approximately if the pro-
ducts r;j7; obey either of the two inequalities:

1+ mniri;
&y

L4y
&

> b & e

Jnn (%)

niri; = exp(BA;)Yawb; [ Thobl; < 1, (43a)

Nirij = exp(ﬂ/\i)'yavb%/'yhvb?j > 1. (43b)

In case (43a), the second terms in round brackets
in (42) are just small corrections to the first ones.
They can be neglected in the zeroth approximation,
and hence the zeroth-order solution of Eq. (42) is

& (1) = v(O)7ho, (44)
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where the constant factor vy, is introduced such that
the function v(t) is analogous to that in (36). Substi-
tuting (44) in (12), we again obtain Eqs. (37) or (38)
for a binary alloy:

p
dCi/dt = Z Mij 2sh |:§()\J - )\z) . (45)
Jnn (i)
The superscript ah at the effective mobility Mg" =
ij is omitted for brevity, and the expression for
this mobility is similar to that in Eq. (39):

Mij(a) =~/ bi;

exp [g(xi + Aj)] . (46)

with 'yzf,{ being the same as in (41).
In case (43b), we can rewrite Eq. (42) as

( ) =0, (47)

where the second terms in the brackets are again
small corrections to the first ones. Therefore, the
zeroth-order solution of this equation can be written
as 5;’(0) = v(t)Yavni, while corrections are proportional
to r;jl. However, taking these corrections into account
is necessary to obtain a nonzero right-hand side of
Eq. (12). In finding these small corrections, we can
employ the approximation of a “smooth distribution
of local concentrations” used to proceed from Eq. (28)
to (30); that is, we can assume the r;; values for all
bonds ¢j of a given site i to be close to one another:

0 +r[jl o +r[jl
& &

> b Y

nn (4)

rij & Tii X Tjj. (48)
Then the solution of Eq. (47) with the first-order cor-
rections is given by

& = v(t)vaw (i +73') - (49)
Substituting (49) in (12), we again obtain Eq. (45), but
with the correlator b; in the effective mobility (46) re-
placed by b?j:

M;;(b) = v bl exp {g(xi + Aj)] . (50)

Physically, the possibility to reduce the vacan-
cy-mediated kinetics to the equivalent direct exchange
kinetics is connected with the above-mentioned fact
that in the course of evolution of an alloy, the distri-
bution of vacancies follows that of the main compo-
nents adiabatically fast. Therefore, it can be assumed
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that this equivalence not only holds for simplified mod-
els (36) or (43) but also is a general feature of the va-
cancy-mediated kinetics, while for more general mod-
els, the correlators b;;, bf; or bh in Eqs. (39), (40), (46)
or (50) are probably replaced by some more complex
expressions with similar properties.

The function v(¢) in Eq. (41) determines the resca-
ling of time between the initial VME model and the
equivalent DAE model in (45). Temporal evolution of
this DAE model is actually described by the “reduced
time” ¢, related to the real time ¢ by the differential or
integral relations

dt, = 'yeffdt YauYhov (t) dt,

¢

51
/veﬂ Vi (51)
0
ty
/ It (52)
0

where 797 = (497)~1 has the meaning of the mean

time of an atomic exchange a = h, while ¢, has the
meaning of an effective number of such atomic ex-
changes. This natural physical variable is used below
in describing the SSA simulation results.

To find the ‘rescaling function” v(¢) in
Eqgs. (36)—(52), we should, generally, compare the
results of simulation of precipitation based on DAE
model (45) to those based on the initial VME model.
BV made such a comparison for some simplified
model of spinodal decomposition, and we estimate
v(t) below for several realistic models of FeCu alloys
using comparison to the KMCA results. We note
that the problem of time rescaling between the real
physical time and the time units used in the chosen
simulation method (e.g., the number of Monte Carlo
steps in the KMCA) persists in all simulations of VME
kinetics (see Sec. 4.3 below), and it strongly depends,
in particular, on the boundary conditions for vacancies
adopted in simulations. For example, BV used the
“vacancy conservation” model, while in simulations
in [16, 18] and below, a possible creation of vacancies at
various lattice defects (grain boundaries, dislocations,
and so on) is taken into account. Therefore, the form
of the function v(t) also depends on the kinetic model
used for vacancies.

The results presented in Fig. 10 below show that
temporal variations of v(t) can be rather sharp. These
variations arise due to qualitative changes in the dis-
tribution of vacancies with respect to minority atoms
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in the course of the evolution, which are related to the
phenomenon of “vacancy trapping” at interfaces of pre-
cipitates discussed in detail by BV and by Soisson and
Fu [18] (SF). The resulting excess of vacancies near
growing or shrinking interfaces leads to an accelera-
tion of the effective exchange rates 4%/ with respect
to the incubation stage when the precipitates are ab-
sent. It results in an increase in v/ (t) after the be-
ginning of nucleation; when the vacancy trapping effect
is strong, this increase can be very large, which is il-
lustrated by Fig. 10 below. At the same time, after
the nucleation stage is over, the degree of this trapping
does not change significantly. Therefore, the function
v(t) can be expected to be approximately constant be-
fore and after the nucleation and to monotonically in-
crease with ¢ in the course of nucleation, as illustrated
by Fig. 3 of BV for v(t) in their simplified model.

3. MAIN EQUATIONS OF THE STOCHASTIC
STATISTICAL APPROACH

3.1. Basic ideas of the classical theory of
nucleation

Before describing the SSA, it is convenient to re-
call the main ideas of the classical nucleation theo-
ry (CNT) [1-4]. The CNT treats embryos of a new
phase within the original metastable phase as suffi-
ciently large objects arising due to thermodynamic fluc-
tuations. In the simplest version of the CNT, the em-
bryo is regarded as a homogeneous droplet characteri-
zed by its radius R, the interface energy o, and the free
energy gain (with respect to the original metastable
phase) per unit volume Af. The excess free energy
needed to form this embryo is

F(R) = 47R%0 — (47R3/3) Af. (53)

One of the basic CNT notions is the critical embryo
that can grow with no further loss of the free energy
and hence with no fluctuations. For the model in (53),
this corresponds to the maximum of F(R) with respect
to R, and therefore the critical radius R, and the nu-
cleation barrier F, = F(R,.) are

R.=20/Af, F.=1670/3Af7, (54)

while the probability of the critical fluctuation needed
to create this embryo is estimated according to the ther-

modynamic fluctuation theory [1] as
W, ~ exp(—F,./T) ~ exp(—const ¢®/TAf?). (55)

A Ginzburg—Landau-type free energy functional
was used in [26] to allow for the diffuse character of
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the interface of the critical embryo, but this approach
is valid only at high 7" ~ T, and for large embryos
when the discrete lattice effects can be neglected. A
quantitative approach to the calculation of thermody-
namics of critical embryos developed in [27,28] takes
the discrete lattice effects into account and uses the
PCA rather than the simple MFA. Some results of this
approach are used below in Table 2 and Fig. 2.

For supercritical embryos with R > R, the CNT
suggests fluctuation effects to be insignificant. There-
fore, after completion of nucleation, the main type of
microstructural evolution is the growth of embryos due
to the diffusional flux of minority atoms from the ma-
Later on, when larger precipitates grow at the
expense of smaller ones, the evaporation—condensation
(or Lifshits—Slyozov-Wagner, LSW) mechanism be-
comes dominant [2]. Therefore, according to the CNT,
decomposition of metastable solid solutions should in-
clude four well-defined stages [4]: (i) the incubation
stage that precedes the formation of first critical and
supercritical embryos; (ii) the nucleation stage during
which the supercritical precipitate density ds reaches its
maximum value; (iii) the growth stage when the density
ds(t) remains approximately constant but sizes of pre-
cipitates grow, and (iv) the coarsening stage when the
density ds(t) decreases due to the LSW evaporation—
condensation mechanism.

These CNT ideas were confirmed by KMC simula-
tions of Soisson and Martin [4] (SM) for some simple
alloy model for which critical sizes and nucleation bar-
riers (estimated in Table 2 below) are rather large (see,
e.g., Fig. 1 in [4]). But in this work, we mainly con-
sider more realistic models of FeCu alloys described in
Sec. 4, for which the nucleation barriers and critical
sizes are not large. Fluctuation effects in such alloys
are shown below to be strong and important not only
for the nucleation but also for the growth stage.

trix.

3.2. Stochastic kinetic equation and filtration
of noise

Quasi-equilibrium kinetic equations (10), (38),
and (45) determine evolution of mean occupations of
sites due to the average atomic fluxes across each bond.
But these averaged equations can describe only those
kinetic processes in which the total free energy Fj;
decreases [22, 29], whereas nucleation process should
be accompanied by a fluctuative increase in Fj,
needed to overcome nucleation barriers. Therefore, to
describe this process, we should consider fluctuations
of atomic fluxes. The stochastic statistical approach
for taking such fluctuations into account, was suggested

by SPV [20]. In this section, we present the main
equations of this approach; their refinements are
described below in Sec. 4.

We consider a binary alloy for which the QKE has
form (45). In the SSA, this QKE is replaced by a
stochastic kinetic equation (SKE) that can be conve-
niently written in a finite-difference form (for a short
time interval §t) given by Eq. (19) of SPV [20]:

dci = ci(t+6t) —ci(t) =0l + > onl,.  (56)

Jnn (2)
Here, ¢; is the occupation of site i averaged over some
locally equilibrated vicinity of this site, and the “dif-
fusion” term &¢f corresponds to the average atomic

transfer to site ¢ described by the right-hand side of
QKE (45):

oci{cx} = > M;;2sh {g(xj —A,»)] 5t (57)

Jnn (%)

The last term 6n{j in SKE (56) is the fluctuative atomic
transfer through the 7 bond, which is described by the
Langevin-noise-type method: each 6n{j is treated as a
random quantity with the Gaussian probability distri-

bution
W (onl) = Ay expl(—on;)?/2D;5], (58)

where A;; is the normalization constant and the disper-
sion D;; is the same as that for the actual fluctuative
transfer 6n{] This dispersion is related to the mobil-
ity M;; and the time interval 6t in Eq. (57) by the
“fluctuation—dissipation” type relation (18) of SPV:

Dij = ((6nf;)?) = 2M;; 6t. (59)

For the nonuniform statistical systems under
consideration, unlike in standard applications of
the Langevin-noise method to mechanical systems,
Eqs. (56)—(59) should be supplemented by the “filtra-
tion of noise” procedure that eliminates the short-wave
contributions to fluctuations 5an As discussed in de-
tail by SPV, these contributions to Eq. (45) have been
already included in the diffusional term §cf, which
is obtained by statistical averaging just over these
short-wave fluctuations. This agrees with the fact that
all quantities entering Eq. (56), including the mean
site occupation ¢;, the site chemical potentials )\;, and
the diffusional term §c?, have a physical meaning only
within some locally equilibrated region referred to in
textbooks as “a quasi-closed subsystem” [1] containing
a sufficiently large number of atoms. In other words,
in our statistical description, which involves dividing
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the whole nonuniform nonequilibrium alloy into locally
equilibrated quasi-closed subsystems, we consider
only “thermodynamic” fluctuations 6n{j that have
approximately the same value (for all bonds ij of a
given crystal orientation «) within each quasi-closed
subsystem, while a nonzero fluctuative contribution
to the total dc; in (56) arises only due to a relatively
weak nonuniformity of these fluctuations. Therefore,
in the last term in Eq. (56), the full fluctuative
transfer 5nfj should be replaced with its long-wave (or

“coarse-grained”) part 6n{jc. This last can be obtained
by introducing a proper cut-off factor F.(k) in the
Fourier component ongo(k) of the full fluctuation
6n{j = 5n{;(Rsa), where Ry, denotes the position of
the ij bond center in the appropriate crystal sublattice
a formed by these centers [20]:

onle

(Raa) = Y exp(—ik - Rya) o0l (k) F. (k),
- (60)
onf

[e%

1
_ ; f
(k) = — E exp(ik - Rsq) 0n) (Rsa),

where N is the total number of lattice sites (or atoms)
in the crystal. The cut-off factor F.(k) can be taken
in the simple Gaussian-like form, which for the BCC
lattice is

FCBCC(k) = exp[—4g2(1 — COS (1 COS 2 cos 3 )], (61)

where ¢, = k,a/2, k, is the vector k component along
the main crystal axis v, and a is the BCC lattice con-
stant.

At g2 > 1, expression (61) is reduced to a Gaussian
exp(—k?1%/2) with [ = ga. Hence, the reduced length
g = l/a characterizes the mean size of locally equi-
librated quasi-closed subsystems. Generally, it is the
characteristic length of uniformity of the site chemical
potentials \;, which for a single-phase state (before nu-
cleation) coincides with the uniformity length for local
concentrations ¢;. Estimates of this size are discussed
in Sec. 4.2 below.

4. MODELS AND METHODS OF SIMULATION

4.1. Alloy models and states used for
simulations

In most of our simulations, we use the first-principle
microscopic model of FeCu alloys suggested by SF [18§].
This model describes well the available thermodynamic
and kinetic data for such alloys. This is a model with
the next-to-nearest-neighbor interaction based on ab
initio density functional theory calculations using the
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SIESTA code. For this model, the configurational in-
teractions v, for the nth neighbors in (22), the ki-
netic interactions uS" = w, in (17), the saddle-point

n p—
energy parameters AP in (33), the activation energies
EPVin (14) (allin eV), and the attempt frequencies wp,
in (14) (in sec™!) have the following values:

vy = —0.12140.182T,
uy = 0.127-0.0917,
ACY =0.05,

EC% =0.438,

Weu, = 510,

vy = —0.02140.0917T,
uy = 0.044—0.045T,
AFe = _0.03,

EYer = 0.698,

wre, = 2-10'°.

(62)

The second terms in the expressions for v,, and u,, phe-
nomenologically describe the influence of anharmonic
and magnetic effects. Our simulations for the SF model
were mainly performed at the concentration ¢ = 0.0134
and three temperatures 773, 713, and 663 K; these al-
loy states are respectively denoted as SF-1, SF-2, and
SF-3. In Tables 1 and 2 in Sec. 5, we also present
some results for the alloy state SF-4 that corresponds
to c=0.0197 and T =773 K.

We also use two more models suggested by Le Bouar
and Soisson [16] (LBS). The parameters of these mod-
els have been fitted to energies of configurations and
vacancy migration barriers computed with the embed-
ded atom method potential. The LBS-1 model is the
nearest-neighbor interaction model with the following
parameter values (in the same units as in (62)):

LBS-1: v, =—020, u; =0.155,
ACU — AFe =0
- (63)
ES% =0.018, EF* =0.64,

WCu, = WFe, = 5- 1015.

For the LBS-2 model, all parameters are the same as
in (63) except the saddle-point energy parameter AFe,
which is

LBS-2: Al =-0.238. (64)

Our simulations for these two models were performed
at ¢ = 0.01 and T = 1000 K, and these alloy states are
respectively denoted as LBS-1 and LBS-2.
Comparison of the SF and LBS models discussed
in [18] (a more detailed comparison is given in Ref. [30])
shows that the SF model yields a lower solution energy
of copper in BCC iron (which leads to the lower den-
sity and larger sizes of nucleating precipitates), and the
larger difference between vacancy formation energies in
pure BCC iron and pure BCC copper (which leads to a
stronger vacancy trapping in copper precipitates and to
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Fig.1. Calculated phase diagrams for the SF model
(upper figure) and the LBS model (lower figure).
Thick lines correspond to the pair cluster approxima-
tion (PCA), and thin lines correspond to the mean
field approximation (MFA); solid lines are binodals, and
dashed lines are spinodals. Solid circles and the chained
line show the binodal and spinodal calculated using the
CALPHAD expression for the free energy of BCC FeCu
alloys taken from [11]. Triangles indicate the (¢, T)
states used for simulations (color online [31])

a higher mobility of precipitates). As discussed by SF,
the LBS models describe FeCu alloys less realistically
than the SF model, but we consider these LBS models
for methodological reasons, to follow the influence of
variations of the coupling constants and saddle-point
energy parameters on the precipitation kinetics.

Binodals and spinodals for the SF and LBS models
calculated using the PCA, MFA, and CALPHAD ex-
pressions for the free energy are presented in Fig. 1,
where we also show the initial alloy states used in our

Table 1. Alloy states used in our simulations
Model SF LBS-1,2
T, K 773 713 663 773 1000
c, at. % 1.34 | 1.34 | 1.34 | 1.97 1
S 0.285 | 0.352 | 0.425 | 0.426 | 0.459
Alloy state | SF-1 | SF-2 | SF-3 | SF-4 | LBS-1,2

simulations. These states are chosen in the metastable
region Ts(c) < T < Ty(c) or ¢p(T) < ¢ < ¢(T) (where
the subscript s or b corresponds to the spinodal or bino-
dal), which corresponds to the nucleation and growth
(NG) type of alloy decomposition. The degree of super-
saturation for each of these states can be quantitatively
characterized by the reduced supersaturation parame-
ter s introduced in [28]:

s(¢,T) = [c = eo(T))/[es(T) = en(T)].  (65)

Values s < 1 correspond to the NG, while s > 1, to
the spinodal decomposition (SD) evolution type; the
values of s for the alloy states studied are presented in
Table 1.

To appreciate the accuracy of the results presented
in Fig. 1, we first note that the PCA fully takes the
pairwise correlations of atomic positions into account
and neglects only many-particle ones [25]. Therefore,
in the dilute alloy limit ¢; — 0, the PCA expressions
for thermodynamic potentials become exact. In partic-
ular, free energy (24) in this limit takes the form

Fpca

1
w3 E cicjfijs (66)
ij

which is just the discrete lattice analogue of the first
term in the virial expansion of the free energy in powers
of density (in our case, in powers of ¢;) for the stan-
dard “weakly nonideal gas” theory [1]. Therefore, at
low concentrations under consideration, we can expect
the accuracy of all thermodynamic results of the PCA,
including both binodals and spinodals, to be high, and
we use the PCA for all thermodynamic calculations.
It follows from the upper frame of Fig. 1 that at
relatively low ¢ and T values used in our simulations,
the binodals calculated using the PCA, MFA, or CAL-
PHAD methods virtually coincide with each other. At
the same time, the CALPHAD or MFA-calculated spin-
odals ¢5(T') exceed those found in the PCA (and hence
the exact ones) by about a factor of 2. This leads to
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Table 2. Parameters of the “thermodynamic” critical
embryos for the alloy states considered
Alloy state s F./T | R.,nm | AN, | N,
SM [4] 0.287| 748 | 0488 | 32.5 | 33.8
SF-1 0.285 | 4.38 | 0.417 | 13.3 | 14.3
SF-2 0.352 | 2.47 | 0.438 9.7 | 10.7
SF-3 0.425 | 1.36 | 0.468 7.2 | 82
SF-4 0.426 | 1.90 | 0.475 | 104 | 11.9
LBS-1,2 0.459 | 0.83 | 0.497 54| 6.2
Ac
1.0 T T T

0 0.2 0.4 0.6 0.8
7, nm
Fig.2. Concentration profiles Ac; = ¢; — ¢ in ther-

modynamic critical embryos for the alloy states stud-

ied. Different curves from top down correspond to the

states SM [4], SF-1, SF-2, SF-4, SF-3, and LBS (color
online [31])

a strong underestimat ion of the reduced supersatura-
tion s(c,T'), which should result in drastic distortions
of microstructural evolution. Therefore, as mentioned
in Sec. 1, using the phase—field-type methods based
on CALPHAD or MFA expressions for thermodynamic
potentials can hardly provide an adequate description
of the alloy decomposition kinetics at low concentra-
tions and temperatures under consideration.

Figure 2 illustrates the structure of “thermody-
namic” critical embryos for the alloy states stud-
ied. This structure was calculated by the method in
Ref. [27], mentioned in Sec. 3.1, with the use of the
PCA. The figure shows, in particular, that the sizes of
critical embryos in our problem are comparable to the

host (BCC iron) lattice constant: ape = 0.287 nm, and
therefore neglecting the discrete lattice effects made
in the phase—field-type approaches can lead here to
hard-to-control errors. In Table 2, we present main
characteristics of these critical embryos: the reduced
nucleation barrier F, /T, the mean radius of the embryo
R., the total excess AN, of minority (copper) atoms in
the embryo with respect to the initial state, and the
total number N, of minority atoms in the embryo. The
barrier F. is calculated in accordance with Eq. (4) in
[28] (where it was denoted as Af).), and the quantities
R., AN., and N, are defined by the relations

2 ZCZ'—C
Rc_zrz ANC’

(3

AN, = Z(Cl —e),

N, = AN, + cN”.

(67)

The index ¢ labels lattice sites, N¢ is the total num-
ber of sites (atoms) in a precipitate, and the term ¢N¢
describes the contribution of the “uniform background”
minority atoms to N.. For comparison, in Fig. 2 and
Table 2, we also present the analogous results for the
SM alloy state [4], which corresponds to the nearest-
neighbor interaction with v; < 0, T = 0.4(—wv;), and
¢ = 0.03. We see that the N, and F./T values for
the realistic SF models are notably lower than for the
SM model. Therefore, manifestations of fluctuations in
nucleation processes for these realistic models should
be much stronger than those for the simple SM model,
which is illustrated in Secs. 5.1 and 5.3 below.

We now discuss the expressions for the effective mo-
bilities M;; in Eq. (45). The LBS-1 model corresponds
to the configuration-independent saddle-point energies
for which the correlators bfj in (17) are independent of
the species p of an atom. As mentioned in Sec. 2.3, adi-
abaticity equation (34) is then solved analytically, and
the effective mobility M;; = MZ" is given by Eq. (39).

For two other models, SF and LBS-2, the saddle-
point energies depend on configurations, and hence adi-
abaticity equation (34) can be approximately solved
only if either of inequalities (43) is obeyed at ¢; values
significant for the kinetic process studied; for brevity,
we let such ¢; be denoted by cs. We first consider
NG-type processes for the SF model. The experience of
our simulations for all models considered (illustrated by
Figs. 2022 below) shows that the local concentrations
cs that are significant for NG usually have the order
¢s ~ 0.1. To estimate the products n;r;; in Eqgs. (43),
we first consider the case where these cg are small, and
hence both functions In(1 — gs5c;) ~ In(1 — fijcs) in
Eq. (20) and (1 + ¢;; f4P)% ~ exp[61n(1 + c,f4P)] in
Eq. (33) can be expanded in powers of ¢s. Substituting
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Fig.3. The total number of precipitates that contain

i > p copper atoms, N, (., g), versus the reduced time

t, defined by Eq. (51), obtained in SSA simulations

with different ¢ in Eq. (61) for the SF-1 state. Frames

a, b, and ¢ correspond to g equal to 1.75, 1.65, and

1.55, while different curves in each frame correspond
to p = 10, 20, 40, 60, and 70 from left to right

numerical values of parameters (62) in these expan-
sions, we obtain the following estimates of &;; = n;r;
for the SF-1 and SF-3 states:

fij*l ~ 20cs exp(80cy),

68
o (69)
ij

~ 40c, exp(160cs),
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while for the SF-2 state, the &;; value lies between these
two estimates. For ¢, 0.1, all these values much ex-
ceed unity. Therefore, inequality (b) in (43) is obeyed,
and QKE (45) with the effective mobility M;; given by
Eq. (50) can be used for all our SF states.

To estimate the products &; = n;r;; in Eqs. (43)
for the LBS-2 state, we again expand the functions
In(1—gije;) ~ In(1— fijes) in (20) and (1 + ¢, f4P)5 ~
~ exp[61n(1 4 ¢, fP)] in (33) in powers of c,. Substi-
tuting numerical values of parameters from Eqs. (63),
we then obtain

.LBS-2

nirs ~ 1400c; exp(—40cs). (69)

At ¢s between 0.01 and 0.1, the right-hand side of this
estimate is large, inequality (b) in (43) is obeyed, and
Eq. (50) for the effective mobility M;; can be used; at
¢s 2 0.15, this right-hand side is small, and Eq. (46)
for M;; can be used; and at cs between 0.1 and 0.15,
the right-hand side is of the order of unity, and there-
fore neither of inequalities (43) is obeyed. Therefore,
the equivalence of the VME kinetics to that for DAE
model (45) cannot be formally proved for the LBS-2
state, and we made no SSA simulations for this state.
However, the above remarks enable us to suggest that
such an equivalence probably exists, with the mobil-
ity M;; in QKE (45) smoothly varying between ex-
pression (50) for ¢; < 0.1 and expression (46) for cg
>0.15. Then the precipitation kinetics for the LBS-
2 state should be quite similar to that for the LBS-1
state, differing only by replacing the factor bf; = b;; in
Eq. (46) for the LBS-1 state with some smaller factor
varying between b?j < bi; at ¢, < 0.1 and bf;- = b;; at
cs > 0.15. This should correspond just to some slowing
down of precipitation kinetics for the LBS-2 state with
respect to the LBS-1 state, and the KMCA results of
LBS [16] seem to agree with these considerations.

In Table 3, to characterize the strength of configu-
rational (or “thermodynamic”) interactions v,, and the
kinetic interactions wu, for the alloy states considered,
we present the values of the Mayer functions f and of
analogous “kinetic” functions f; defined by

fn = fr = exp(Bun) — 1,

as well as of the functions fX in Eq. (33). The functions
f¥ enter Eqs. (20)—(24) for the site chemical potentials
A; and the free energy F, while the functions f and
/R enter Eqgs. (25)-(33), (39), (46), and (50) for the
correlators b7, and effective mobilities M;;. In Tab-
le 3, we also present, expressions for the correlators bfﬁ
and the reduced effective mobilities M, = M;; /’yzf,{
in Eqgs. (39), (46), and (50) at small ¢; = &; < 1/f7,

eXp(_ﬂvn) -1, (70)



K. Yu. Khromov, F. Soisson, A. Yu. Stroev, V. G. Vaks

MKITD, Tom 139, BHm. 3, 2011

Table 3.  Values of the functions f., f¥, and fX in Egs. (70) and (33), and expressions for the correlators b} and
reduced effective mobilities M;; = Mij/fyzf,{ in Egs. (39), (46), and (50) at small ¢; = &; < 1/f{ for the alloy states
studied
Alloy state | f | fy | At | fy | SR | S biy Mj;
SF-1 4.1 0.3 5.2 0.9 5.8 24 exp(81¢;) exp(47¢;)
SF-2 4.9 0.3 6.3 1.0 7.0 33 exp(98c;) exp(57¢;)
SF-3 5.9 0.3 7.5 1.1 8.5 43 exp(118¢;) exp(69¢;)
LBS-1 9.2 0 5.0 0 5.0 5.0 exp(71e¢;) exp(—3¢;)

which have been mentioned to be most significant for
the NG-type processes.

We discuss the results presented in Table 3. First,
they show that both the thermodynamic and kinetic
interactions for the alloy systems considered are rather
strong: the f{, f{*, and fX values much exceed unity.
This again shows that the MFA or CALPHAD-type
expressions for thermodynamic and kinetic parameters
based on the approximations fv,, < 1, fu, < 1 [21]
cannot be used to describe these alloy states. Second,
the last column of Table 3 shows that the NG kinetics
for the SF model should notably differ from that for
the less realistic LBS-1 model. At the small local con-
centrations ¢; considered, the reduced mobility M, for
the LBS-1 model is virtually a constant close to unity,
while for the SF model, it sharply increases with ¢; and
is typically very large. According to Eqgs. (58) and (59),
this mobility determines the scale of fluctuative terms
in SKE (56). Therefore, we can expect the manifesta-
tions of fluctuation effects for the SF model to be much
stronger than for the LBS-1 model. This agrees with
the KMCA results presented in Figs. 11-14 below.

4.2. Estimating the local equilibrium length
for the SSA

Ag discussed in Sec. 3.2, the reduced length [ = ga
in SSA equations (60) and (61) characterizes sizes of lo-
cally equilibrium quasi-closed subsystems used in our
statistical description of a nonequilibrium alloy. This
length cannot be chosen smaller than the characteris-
tic length [, of nonuniformity of local chemical po-
tentials, which for the nucleation processes typically
has the same order of magnitude as the critical em-
bryo size R, (see, e.g., Figs. 20-22 below). The actual
distribution of local equilibrium lengths I < [, in an
alloy varies with both space and time; in particular,
after creation of a supercritical precipitate, the degree
of local equilibrium in the adjacent region should sig-
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nificantly increase with respect to other regions where
such precipitates are not born yet.

For simplicity, we characterize the distribution of
all local lengths [ by a single spatially averaged pa-
rameter [ = ga, where the reduced length g, generally,
varies with the evolution time ¢ or the reduced time ¢,
in (51) used in the SSA. After completion of nucleation
at some t, =t~ the alloy rapidly approaches the full
two-phase equilibrium, and the length I should become
large. Then the cut-off parameter g = g(#,) in Eq. (61)
at t, > t& should also be large, the fluctuative terms
dny in (56) become small, and SKE (56) transforms
into QKE (45) with no fluctuation terms.

To describe the above-discussed physical picture
with the minimal number of model parameters, we ap-
proximate the time dependence g(t,) by the simplest
expression

t, <t g(t,) = go,

71
92(tr) = gg + (tr — tr{v)CDeffv )

te >t

where D%/ is the effective reduced diffusivity, which
can be estimated as D/ ~ A&, 32, 33] for direct-ex-
change model (45), and C' is a numerical factor, e.g.,
C = 2 for the standard diffusion law. At C' ~ 1, the
evolution of microstructure was found to be virtually
independent of the C' value, and we usually put C' = 2.

The simple model for g(¢,) in (71) includes an un-
physical break at t, = t2, which leads to the presen-
ce of analogous fictitious breaks in various characte-
ristics of the evolution, e.g., in Figs. 4-7, 9, 10, and
15 below. In reality, as we have noted, the effective
equilibrium length starts to increase immediately af-
ter the beginning of nucleation, and hence the func-
tion g(t,) = I/a monotonically increases with time with
no breaks. Therefore, for a more realistic description,
some other model should be used for g(t.) that de-
scribes its continuous increase with ¢, and the resul-
ting smooth decrease of fluctuations in the course of
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both nucleation and growth stages. But the experi-
ence of our simulations shows that at ¢, not close to
tN, the main characteristics of microstructure, such as
the density and sizes of supercritical precipitates, are
not sensitive to the detailed form of g(¢,) if the scale of
this function is determined by the “maximum thermo-
dynamic gain” principle described below. Therefore, in
this work, we use the simplest form (71) for g(t,).

The parameter gy in Eq. (71) can be estimated in
two ways. First, it can be found by fitting the SSA
simulation results for the evolution of density of pre-
cipitates to the analogous KMCA results, for exam-
ple, to those presented in Figs. 11-14 below. But such
“KMCA-based” estimates of go would limit possible ap-
plications of the SSA to the models for which reliable
KMCA results are available. To estimate gg within the
SSA, we can try to extend the second law of thermo-
dynamics, that is, the principle of the free energy min-
imum with respect to all its free parameters, which is
valid for equilibrium systems, to the kinetic processes
in the nonequilibrium systems studied. For this, we
note that the main characteristics of microstructure
formed in the course of the nucleation process, such as
the characteristic nonuniformity length I,,,, ~ [, can be
considered “free” parameters of a nonequilibrium state
analogous to “static” free parameters for equilibrium
systems. It therefore seems natural to suggest that
the kinetic path of evolution of this nonequilibrium
state should correspond to the maximum thermody-
namic gain, that is, to the maximum rate of decrease
in free energy. This suggestion can extend the “ex-
cess entropy production” approach to thermodynam-
ics of irreversible processes discussed by Prigogine and
coworkers [34] to the kinetics of essentially nonuniform
and nonequilibrium systems under consideration. Then
the characteristic value l,, ~ goa can be estimated
from the condition of the maximum thermodynamic
gain in the course of the nucleation process, which in
our model (71) corresponds to the minimum of the free
energy F(go,t, < tV) with respect to go.

This maximum thermodynamic gain should evi-
dently correspond to the formation of the maximum
number of large supercritical precipitates. At the same
time, the density d), of such precipitates sharply de-
pends on the effective size | of quasi-equilibrium sys-
tems for the nucleation process. When g = [/a is too
large, the fluctuations are too weak to overcome nucle-
ation barriers, while when ¢ is too small, the fluctu-
ations are too strong to allow formation of large and
steadily growing precipitates. Therefore, the depen-
dences d,(g) should have a pronounced maximum at
some optimal g = gg. These considerations are illus-

F(t, g,), 103 K/at. Cu
T
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Fig.4. Time dependence of the free energy per copper

atom, F(t,, go), obtained in SSA simulations with dif-

ferent go for the SF-1 state. Curves 1, 2, 3, 4, and 5

respectively correspond to go = 1.55, 1.65, 1.7, 1.75,
and 1.85 (color online [31])

trated by Fig. 3, where we present time dependences
of the total number N,(t,,g) of precipitates containing
1 > p copper atoms obtained in the SSA simulations
with different g. The “end of nucleation” time ¢ here
and below is defined as the time of creation of the last
“critical” precipitate with p > p.; these p. values (which
for the SF alloy states are close to the IV, values in Ta-
ble 2) are estimated in Sec. 5.1. This definition of ¢
is somewhat arbitrary, but it makes virtually no ef-
fect on the simulation results. For the evolution shown
in Fig. 3a, the fluctuations seem to be too weak, and
therefore the length [ = ga is too large. For Fig. 3c,
the fluctuations are evidently too strong, which leads to
an unphysical evolution of large precipitates: they do
not grow, in disagreement with the second law of ther-
modynamics; therefore, the ¢ value here is too small.
Finally, for the evolution shown in Fig. 3b, the g value
seems to be close to optimum.

In Figs. 4-7, we present time dependences of the free
energy per copper atom, F(t,, go), obtained in the SSA
simulations with different go in Eq. (71). For definite-
ness, the initial state for these simulations was taken
uniform: ¢;(0) = ¢ = const, and hence the initial in-
crease in F at t, < 0.1tY is related just to switching



K. Yu. Khromov, F. Soisson, A. Yu. Stroev, V. G. Vaks

MKITD, Tom 139, BHm. 3, 2011

F(t, gy), 103 K/at. Cu
T

Fig.5. The same as in Fig. 4, but for the SF-2
state. Curves 1, 2, 3, and 4 respectively correspond
to go = 1.6, 1.7, 1.8, and 1.9 (color online [31])

F(t, gy), 103 K/at. Cu

Fig.6.

The same as in Fig. 4, but for the SF-3
state. Curves 1, 2, 3, and 4 respectively correspond
to go = 1.8, 1.9, 2, and 2.1 (color online [31])

F(t, g), 103 K/at. Cu
T
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Fig.7. The same as in Fig. 4, but for the BS-1 state.
Curves 1, 2, 3, 4, and 5 respectively correspond to
go =1.7, 1.8, 1.9, 2, and 2.1 (color online [31])

on fluctuations at ¢, = 0 and has no physical meaning.
At t, =~ tY, the functions F(t,,go) show the above-
mentioned fictitious breaks due the analogous breaks
in our model functions g(t,) in (71). But at ¢, not
close to zero or to tY, e.g., at t, ~ 0.5t the func-
tions F'(t,go) presented in Figs. 4-7 can be realistic.
Therefore, the “optimal” gy value can be estimated from
comparison of these functions at ¢, ~ 0.5tY for differ-
ent go-

Figures 4-7 show that these functions have a dis-
tinct minimum at a certain go for each alloy state con-
sidered. For the SF-1 state, this minimum corresponds
to go equal to 1.65 or 1.7; for the SF-2 state, to gg = 1.7
or 1.8; for the SF-3 and LBS-1 states, to go = 1.9 or
1.8. The first values seem to be slightly more appropri-
ate, but using the second values in simulations changes
results only slightly; this is illustrated below for the
SF-2 model. For the reduced length go in Eq. (71), we
therefore use the values

g@F =165 g¢5F2=17,

LBS—
§BsTt =1.0.

72
gg F=3-109, (72)
The minimum local equilibrium lengths Iy = gpa for
these go have the same order of magnitude as the crit-
ical sizes R, in Table 2, in accordance with the consid-

erations mentioned above.
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We comment on the loss of validity of the SSA at
low g, which is manifested, in particular, in the above-
mentioned unphysical results presented in Fig. 3¢. This
problem was discussed in detail by SPV in [20], who
noted that the statistical approach, in particular, used
basic equations (9)—(13) that include averaging over lo-
cally equilibrated quasi-closed subsystems, which im-
plies that the reduced size g of these subsystems is not
too small, and hence they include a sufficiently large
number of atoms, while the site chemical potentials \;
in these subsystems should obey the local equilibrium
condition \; ~ const. The scale of violations of this
basic condition can be characterized by the “parameter
of nonequilibrium” J introduced by SPV:

1
J(g,tr) = EZIM — N1/T, (73)
i,

where N, is the total number of the nearest-neighbor
bonds {ij} and the sum is taken over all such bonds in
an alloy. In Fig. 8, we show the values of this parameter
averaged over the incubation stage, Jine(9) = (J)ine;
for different alloy states, the functions J;,.(g) are sim-
ilar. At small g < 1.5, these functions start to sharply
increase, which reflects sharp violations of statistical
equilibrium within too small quasi-closed subsystems.
But for the g = go values presented in Eqs. (72), this
parameter is still small: J;,.(g) ~ 0.1—0.15, and hence
using the SSA seems to be justified.

In Fig. 9, we show time dependences of nonequi-
librium parameter (73) at first stages of the evolution.
As mentioned, breaks in the J(t.) curves at ¢, = t&
are due to the similar breaks in our simple model (71);
for more realistic models mentioned above, these breaks
should be replaced by some smooth decrease in J(t,) at
t, > 0.5tY. The increase in J(t,) after the beginning of
nucleation is related to the occurrence of interfaces and
spacial nonuniformities, which lead to some additional,
“nonuniform” contributions to the differences [A; — A;|
in Eq. (73). The decrease in J(¢,) after the completion
of nucleation is due to the increase in the local equilib-
rium length g(¢,) at ¢ > ¢ mentioned in the discussion
of model (71). Tt leads to a sharp decrease in the fluc-
tuative terms dny in SKE (56), and hence the degree
of local equilibrium in the system sharply increases.

4.3. Methods of KM CA simulations

The KMCA used in this study is described in detail
in Refs. [16, 18]. We only recall the physical princi-
ples of the method, underlining the difference from the
SSA. The KMC simulations follow the evolution of the
atomic configuration in a simulation box of N = 643

0.8 -

0.6 -

04+

0.2

Fig.8. Parameter of nonequilibrium (73) for the incu-

bation stage observed in SSA simulations with different

reduced lengths g. Circles and squares respectively cor-

respond to the SF-1 and LBS-1 states. Arrows indicate
go values in Egs. (72) (color online [31])

1 1 1

0 25 50 75

| 1
100 125 150
1

r

Fig.9. The parameter J(g,t,) in (73) observed in the

SSA simulations with g = go from (72). Curves 1, 2, 3,

and 4 respectively correspond to the SF-1, SF-2, SF-3,
and LBS-1 alloy states (color online [31])
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lattice sites containing Fe and Cu atoms and one va-
cancy, with periodic boundary conditions. At each
Monte Carlo step, 8 atom—vacancy exchanges between
nearest-neighbor sites can occur in a BCC lattice, with
the jump frequencies W}/ given by Eq. (6). The ac-
tivation energies are exactly computed for each local
configuration, without using any mean field approx-
imation. One of these exchanges is chosen, using a
pseudo-random generator, by means of a residence time
algorithm [35]. The physical time of the Monte Carlo
simulation is given by

8
tmos = 1/ Z
=1

where the sum ranges over the 8 possible jumps. This
time must be rescaled to take the real vacancy con-
centration into account, which depends on the precip-
itation microstructure. If we assume that the vacancy
concentration remains at equilibrium in the different
phases during all the precipitation, a convenient way
to perform this time rescaling is

A (Fe)
e (Fe) ’

whe

1]

(74)

t=1tmcs (75)
where ¢{f(Fe) is the equilibrium vacancy concentra-
tion in pure iron and ¢} (Fe) is the vacancy concen-
tration in copper-free regions of the KMC simulation
box [16, 18]. The number N, of copper-rich precipi-
tates and their average size (i) (discussed in Sec. 5.1)
are computed by considering only clusters that contain
i > p copper atoms connected by at least one nearest-
neighbor bond.

4.4, Methods of SSA simulations

All SSA simulations were performed in a cubic box
containing N = 2 x (64)3> BCC lattice sites with pe-
riodic boundary conditions. In describing precipitates,
the precipitate containing ¢ > p copper atoms is de-
fined as a set of adjacent sites 7 (connected by at least
one bond) whose mean occupations ¢; exceed a certain
cut-off value: ¢; > cqys, while this set contains not less
than p copper atoms:

NCUZZCi > p.

2

(76)

The choice of ¢q,; was found to be not essential, and
for definiteness we took it the same as in experimental
studies [7]: ceut = 0.05.

In solving SKE (56) with diffusion term (57), we
should take into account that this term is propor-
tional to the generalized mobility M;; times the factor
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2sh[B(Ai — A;)/2] = B(Xi — A;) describing a thermody-
namic driving force, while the mobilities A;; given by
Eqgs. (46) or (50) are proportional to the correlator b%;
or bfj that very sharply increases with the local con-
centrations ¢;; this last fact is illustrated by Eq. (33)
and the last two columns in Table 3. These very sharp
dependences do not allow using the standard iterative
methods, such as the Euler or Runge-Kutta ones, for
solving the SKE: after several iterations, the product
M;;B(Ai — Aj) becomes so large that the time step
needed to achieve numerical stability becomes too small
for these algorithms to be used. On the other hand,
there is no physical reason for the diffusion term to be
too large, because the high mobility M;; should lead to
a very fast approach to the local equilibrium, at which
local chemical potentials of adjacent sites, A\; and Aj;,
are very close to each other. In reality, therefore, dif-
fusion terms (57) remain reasonably small. The prob-
lem with the application of standard iterative methods
arises due to their discrete nature; numerical values of
the differences |A\; — Aj| cannot catch up with a very
fast increase in b;j, and the fictitious increase in their
product occurs.

To overcome this methodological difficulty, we put
restrictions on b;; in our iterative computations, by set-
ting it to not exceed a certain value bJ7*": b;; < bJj%*.
Then we made simulations with different b77%%, from
smaller to larger ones, until all physically important
characteristics of the evolution, including the incuba-
tion and nucleation times "¢ and ¢ and the maximum
density of supercritical precipitates d7**", ceased to sig-
nificantly change as bi;"" increases. This happens at
b7** = 250, and this value was used in all our simula-
tions. Actually, at b2 = 500, the d{*** values may be
even lower than at ;%" = 250 (while for b}}** < 250,
they monotonically increase with b?}‘”), but the differ-
ences lie within statistical errors. After the nucleation
stage is over and fluctuations are switched off according
to model (71), the values |3(\; — \;)| typically decrease
by two orders of magnitude with respect to the nucle-
ation stage. This allows us to significantly decrease
b7, usually down to bj7"* = 10, and thus to increase
the time step in solving equations. Again, we checked
that using the same b;7°" equal to 250 both before and
after t%, and reducing it at t, >t down to by =10,
leads to the same description of evolution. In our case,
using the Runge-Kutta method does not improve the
stability of the numerical solution of the equations, but
requires more calculations at each integration step, and
we therefore used the simpler Euler method in our sim-
ulations.

The computational efficiency of the SSA exceeds
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that of the KMCA, mainly due to the reduction of
the vacancy-mediated kinetics to the direct-atomic-
exchange models described in Sec. 2.3. This allows
simulating a much lower number of atomic exchanges
than the number of vacancy jumps in the KMCA [18],
which significantly reduces the computation time. For
example, for precipitation in the SF model up to the
coarsening stage with decreasing the precipitate den-
sity by about two times, the SSA computation times in
our simulations are by an order of magnitude shorter
than the KMCA computation times, even for the simple
SSA codes used with no parallelization. Parallelization
of these SSA codes (which is now underway) should fur-
ther accelerate such computations, by at least an order
of magnitude.

We finally discuss the rescaling of the reduced time
t, used in the SSA to the physical time ¢ determined by
Eq. (52). In accordance with the remarks at the end of
Sec. 2.3, we suppose the effective mean time of direct
atomic exchanges, T;')Zc in (52), to be constant before
and after nucleation (that is, for both t, < ti"¢ and
t, > tN), and to linearly vary with ¢, in the course of
nucleation:

Tah =
ag, tr < t:"nc,
— _tinc ) ™
artaz—a) f—t, tre <t <ty, (70
r r
az, tr > ti.v

The constant a; = tin. /tf,”C is the ratio of the physi-
cal and reduced incubation times, while the constant
as can be estimated from the fit of the SSA simulation
results to the evolution rate at the coarsening stage.
Thus, model (77) includes only two parameters, ;.
and as, which can be estimated either from compari-
son to KMC simulations or from experiment.

In this paper, we use the KMCA results described
below for such estimates. The resulting time resca-
ling is presented in Fig. 10 as the dependence of the
effective direct exchange rates 'ygf,{ in Eq. (51) (to be
abbreviated to /) on the physical time ¢; this depen-
dence has a clearer physical meaning than 7,4 (t.) in
Eq. (77). The results presented in Fig. 10 and in ana-
logous Fig. 3 in [22] clearly illustrate the decisive role of
vacancy trapping for time dependences of the effective
direct exchange rates. For all models considered, these
rates monotonically increase with the evolution time
t, which reflects the development of vacancy trapping
in the course of precipitation. For the BV model, this
trapping is relatively weak, and 7%/ increases to the

6 ZKOT®, Beim. 3

104 L -

10% | i
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Fig.10. Time dependence of the effective direct ex-
change rate 7% in Eq. (41) estimated from compar-
ison to the KMCA results. Different curves from top
down respectively correspond to the alloy states LBS-1,
SF-1, SF-2, and SF-3. Arrows indicate the incubation

time ¢;in. (color online [31])

coarsening stage just by about a factor of two. For the
LBS model, the vacancy trapping is also not too pro-
nounced (although stronger than for the BV model),
and the total increase in v/ is about 6 times. For
the more realistic SF model, the vacancy trapping is
very strong [18]. Therefore, for the three SF states
considered, the 7%/ values increase between the incu-
bation and nucleation stages by more than two orders
of magnitude, and as the temperature T' decreases, this
increase seems to become greater, in accordance with
a probable stronger trapping at lower T'.

5. MICROSTRUCTURE EVOLUTION
OBSERVED IN KMCA AND SSA
SIMULATIONS

5.1. Evolution of density and sizes of
precipitates

Evolution of the density of different precipitates is
shown in Figs. 11-14. Solid lines and symbols in these
figures show the results obtained in two different KMC
runs; the differences between these lines and the sym-
bols illustrate the scale of errors (mainly statistical) of
these KMC results. It can be seen from Fig. 11 that for
the SF-1 state and relatively small precipitates p < 10,
such errors are significant at the nucleation stage, while
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Fig.12. The same as in Fig. 11, but for the SF-2 state

and p = 8, 11, 16, and 21. The dashed curve shows the

SSA results for p = 11 and go = 1.7, and the chained

line, the SSA results for p = 11 and go = 1.8 (color
online [31])

Fig.11. Evolution of the density of precipitates con-
taining i > p copper atoms, d, (left scale), and the
total number of such precipitates within the KMC
simulation box VMY N, = NEMY (right scale),
for the SF-1 alloy state. For the SSA simulations
with V354 = 2V KM these N, should be doubled:
NJ54 = 2N,. Solid lines from top down correspond
to the respective KMCA results for p = 11, 15, 21, and d
26, while the symbols (circles, squares, triangles, and
crosses) show the analogous results obtained in another
KMC run. The dashed line shows the SSA results for
p =15 and go = 1.65 (color online [31])

1019

for larger p, and at later stages of the evolution, these
errors decrease. For the LBS-1 model (Fig. 14), the
differences between two KMC runs are smaller because
the fluctuation effects are much weaker here. We also 1018 L
note that the difference between the values of d, at two
neighboring curves in Figs. 11-14, d(i) = (dp, — dp,),
has the meaning of the density of precipitates that in-
clude ¢ copper atoms with p; <i < ps.

We first discuss the KMCA results presented in
Figs. 11-14. We note that they qualitatively agree with 7L
the classical nucleation theory (CNT) ideas described 10 104 10° 10°
in Sec. 3.1. In particular, all dependences d,(t) reveal t,s
the presence of four main stages of decomposition: in-
cubation, nucleation, growth, and coarsening. For a
more quantitative comparison to the CNT, we should
estimate the “critical” embryo size p.. In thermody-
namic calculations in [26—28], the critical embryo is pre-
cisely defined as the set of mean occupations {¢;} that

Fig.13. The same as in Fig. 11, but for the SF-3 state

and p = 6, 8, 11, 16, and 21, while the dashed curve

shows the SSA results for p = 8 and go = 1.9 (color
online [31])
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Fig.14. The same as in Fig. 11, but for the LBS-1

state and p = 6, 11, 15, and 26, while the dashed

curve shows the SSA results for p = 15 and go = 1.9
(color online [31])

corresponds to a saddle point of the generalized free en-
ergy F{c;} in the multi-dimensional space ¢; [27]. At
the same time, the analogous critical size for nucleat-
ing precipitates cannot be defined uniquely. It seems
natural to define it as the lowest value of the embryo
size p such that the most probable evolution path at
p > p is growth rather than shrinkage or dissolution,
but due to the presence of fluctuations inherent to the
nucleation process, such “kinetic” critical sizes can be
determined only approximately.

Using the KMCA results in Figs. 11-14, we can es-
timate these p. from the shape of the d,(t) curves at
different p. For the SF model, for which fluctuations in
the dependences dp(t) are pronounced at small p and
decrease at larger p, we can suggest that the begin-
ning of decrease in these fluctuations with increasing p
should correspond to the relation p 2 p.. For the SF-1,
SF-2, and SF-3 states, this corresponds to p. ~ 15,
pe =~ 11, and p. ~ 8. Because these estimates agree
well with the “thermodynamic” critical sizes IV, in Ta-
ble 2, we use the respective values 15, 11, and 8 for
the critical size p. in the SF-1, SF-2, and SF-3 alloy
state. We note that in the SSA simulations, the p. val-
ues are used only to define the “end of nucleation” time
X in Eq. (71) as the time of creation of the last critical
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precipitate, and slight variations of p. have almost no
effect on the evolution.

It can be seen from Figs. 11-13 that the time depen-
dences d,(t) at these p = p, generally have a common
form similar to that obtained by SM [4] in their simpli-
fied model, which agrees with the CNT ideas described
in Sec. 3.1. At the same time, these dependences reveal
at least two differences from the CNT ideas.

(A) Fluctuations in the d,_(¢f) dependences are
rather pronounced and significant even for “supercriti-
cal” embryos with p > p., and the more so for under-
critical ones with p < p.. This is especially clearly seen
from the KMC results shown in Fig. 11 by solid lines,
while in Figs. 12 and 13, these fluctuations are partly
smoothed because fewer results are plotted.

(B) These fluctuations are large and important not
only during the nucleation but also after its comple-
tion when the average density of supercritical precipi-
tates ceases to increase. This is seen, in particular, in
Fig. 13, where the curve d,(t) at p = 16 ~ 2p, reveals a
wide and pronounced minimum between ¢ = 3-10° and
4-10° s, decreasing there by about 1.5 times. There-
fore, for the SF model, fluctuations are important for
the evolution even at the growth stage.

A thorough comparison of the KMCA results in
Figs. 11-13 with the available measurements of the den-
sity of precipitates under decomposition of iron—copper
alloys was made by SF [18]. Tt was found that the the-
ory agrees with these experiments within the accuracy
of both of them. According to Figs. 11-13, the same
can also be said about the SSA results.

We now discuss the dependences dp(t) for the LBS-1
state, for which the thermodynamic nucleation barrier
F, (given in Table 2) is low, F, < T'. In this case, the
evolution of not large “thermodynamically supercriti-
cal” embryos with p 2 N, again differs from the CNT
ideas: the effects of fluctuations are strong here due
to the low thermodynamic gain under growth of such
embryos. Because their stability is low, they often dis-
solve rather than steadily grow as the CNT supposes.
This can qualitatively explain a significant decrease in
the “plateau” in the d,(#) curves with p > 15 compared
to those with p = 6 and p = 10 in Fig. 14. In this case,
it seems more adequate to suppose the kinetic critical
size p. to significantly exceed IN,, such that the domi-
nant evolution path at p > p. would be the growth of
the embryo. For the LBS-1 state, we estimate this size
as p. ~ 15.

The SSA results for the precipitate density d,(t)
presented in Figs. 11-14 have been obtained as de-
scribed in Sec. 4. We note that a rescaling of the
time #, used in the SSA to the time ¢ used in the
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Fig.15. The average number of copper atoms (i) within a precipitate versus the evolution time ¢. Frames a, b, ¢, and d

correspond to the respective alloy states SF-1, SF-2, SF-3, and LBS-1. Solid lines and squares correspond to the KMCA.

Dashed lines correspond to the SSA with go from (72), and the chained line (in frame b), to go = 1.8. Arrows show the ¢
values that correspond to ¢ in Eq. (71) (color online [31])

KMCA (illustrated by Fig. 10) corresponds to the
above two-parametric fit of only the “horizontal” inter-
vals in Figs. 11-14, while the “vertical” intervals, that
is, the density d, values, are calculated in the SSA with
no fitting parameters. We see that for all the four alloy
states considered, these d,(t) agree with the KMCA
results within errors of these results mentioned above.
Figure 12 (as well as Fig. 15b) also shows that changes
in the SSA results due to possible variations of gy be-
tween go = 1.7 and go = 1.8 mentioned in deriving
estimates (72) are relatively small.

In Fig. 15, we show time dependences of the average
number of copper atoms within a precipitate (“precip-
itate size”) (i) = i,(t). Results of the KMCA and SSA
calculations usually seem to agree within the KMCA
errors except for time intervals just after t,],v , where
iﬁSA notably exceed iZIfMCA. This disagreement seems

to be again related to crudeness of the oversimplified
model (71) for the length g(t,) determining the scale
of fluctuative terms ony in stochastic equation (56).
As mentioned, model (71) corresponds to a constant
g(t,) = go at t, < tY and to a sharp increase in g
(and hence to abruptly switching off the fluctuations)
at t, >t while actually the length g starts to increase
(and the fluctuations dns to decrease) immediately af-
ter the beginning of nucleation, and ¢ remains finite
(and fluctuation effects noticeable) at the growth stage
as well. Therefore, at t, > tI¥, the SSA-calculated i,(t)
in Fig. 15 grow more rapidly than in the KMCA (and in
reality) because this growth is actually still hampered
by noticeable fluctuation effects. Therefore, we can ex-
pect that these disagreements will reduce or vanish if
the models of ¢(¢,) more realistic than (71) are used in
the SSA.
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Fig.16. Upper frame: Distribution of copper atoms for

the SF-1 alloy state just before nucleation, t = 55 s,

observed in the KMCA. Each sphere corresponds to a

copper atom. Lower frame: Distribution of the local

concentrations ¢; for the same state as in the upper

frame observed in the SSA. Sites with ¢; < 0.05 are
not shown (color online [31])

5.2. Features of microstructure at different
stages of precipitation

In Figs. 1619, we show microstructure of the SF-
1 alloy state at different stages of the evolution ob-
served in the KMCA and SSA-based simulations. Be-
cause the SSA simulation box was twice as large as that
used in the KMCA, the total number of precipitates in
the SSA-based (lower) frame in each of Figs. 16-19 is
about twice that presented in the KMC-based (upper)
frame. Figures 16-19 illustrate the processes of nucle-
ation, growth, and coarsening discussed above.

In comparing the KMCA and SSA results in
Figs. 16-19, we note that the SSA, as well as any other
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Fig.17. The same as in Fig. 16, but at the end of nu-

cleation, t = 1000 s. Light spheres in the upper frame

show copper atoms that belong to some supercritical
precipitate (color online [31])

statistical description, disregards details of particular
atomic configurations presented in the KMCA snap-
shots, but it allows picking out essential features of mi-
crostructure that often cannot be easily apprehended in
these snapshots. This is illustrated by Fig. 16, where
the SSA frame clearly shows a number of regions sig-
nificantly enriched by copper atoms, that is, precursors
of precipitates to be created, while such regions are
not clearly seen in the analogous KMC frame. Simi-
lar differences in describing precipitates can be seen in
Figs. 17-19. The main quantitative characteristics of
precipitates, such as their density and sizes discussed
above, can be easily determined in both approaches.
At the same time, the presence of significant crys-
talline anisotropy, particularly for not large precipi-
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Fig.18. The same as in Fig. 17, but at the beginning
of coarsening, ¢ = 2000 s (color online [31])

tates, can be established only after some special anal-
ysis in the KMCA [15, 18], but is immediatelly seen
in the SSA frames. The difference between two de-
scriptions is also evident for interfaces of precipitates.
In the KMCA frames in Figs. 17-19, these interfaces
are usually rather sharp but typically not flat and not
regular, while in the analogous SSA frames, these inter-
faces seem to be somewhat diffuse and have typically
“intermediate” values of local concentration: ¢; ~ 0.5.
The differences arise because each local concentration
¢; in the SSA is obtained by averaging over some lo-
cally equilibrated vicinity of site i, that is, over a rela-
tively rapid motion of surface atoms on the “nonfilled”
facet considered. At the same time, inner parts of pre-
cipitates (for both the KMCA and SSA) include only
copper atoms, which is clearly seen in the SSA frames
on cuts of precipitates by boundary planes of the sim-
ulation box.
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Fig.19. The same as in Fig. 17, but at some intermedi-
ate stage of coarsening, t = 4000 s (color online [31])

Therefore, Figs. 16—19 also illustrate a complemen-
tary character of describing the evolution of microstruc-
ture by the KMCA and the SSA.

5.3. Kinetics of nucleation

As discussed above, the SSA provides a partly aver-
aged description of atomic distributions, primarily aim-
ing at adequate calculations of locally averaged quanti-
ties, such as the density of different precipitates, their
structure, morphology, and so on. Therefore, quanti-
tative treatments of phenomena that are mainly deter-
mined by fluctuations, such as processes of creation and
evolution of under-critical and near-critical embryos,
lies outside the scope of the SSA in general. Howe-
ver, as mentioned above, the qualitative changes of mi-
crostructure, such as those corresponding to the nucle-
ation process, can often be more easily followed in the
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Fig.20. Distribution of local concentrations within a plane containing several nucleating precipitates for the SF-1 state at

the following reduced time ¢, values: 7.5 (a), 7.9 (b), 8.0 (¢), 8.1 (d), 8.5 (€), and 9.0 (f). For each point r in the figure,

the c(r) value is obtained by interpolation between c¢; on the neighboring lattice sites. The relation between coloring and
the ¢; values is shown in the right part of the figure (color online [31])

SSA rather than in the KMCA. Therefore, it can be in-
structive to study kinetic details of nucleation with the
use of the SSA, even though the scale of fluctuation ef-
fects in such a study is most probably underestimated.

Some results of such studies are presented in
Figs. 20—22, which illustrate processes of sequent cre-
ation of three supercritical embryos for the SF-1 alloy
state. Figures 20a—e also show processes of creation and
dissolution of an “undercritical” embryo: the concentra-
tion fluctuation in the right central part of these frames
first increases to the values ¢; ~ 0.1, but then decreases
and disappears. On the contrary, Figs. 20d—f illustrate
a “successful” nucleation process. The local fluctuation
positioned below that discussed in the foregoing first in-
creases in both size and amplitude, and then suddenly
shrinks with formation of a “kinetic” supercritical em-
bryo. Later on, this embryo survives and grows, but
this growth is first nonmonotonic and includes a “par-
tial dissolution” process illustrated by Figs. 21a and
21h. We note that at first stages of this process shown
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in Figs. 20e and 20f, the embryo is extended and shape-
less, while later on, it is rather irregularly shaped, and
hence seems to have little in common with the “ther-
modynamic” critical embryos shown in Fig. 2.

Creation and evolution of two other embryos shown
in Figs. 21 and 22 proceed similarly. In both cases, the
initial extended and shapeless fluctuation of concentra-
tion first suddenly shrinks such that maximum concen-
trations within it reach “critical” values ¢; 2 0.12, after
which embryos seem to become “supercritical”. Then
subsequent fluctuations lead to a partial dissolution of
these embryos, but in both cases they survive and start
to grow later on. This growth correspond to “sucking”
of copper atoms from adjacent regions and thus to de-
pletion of copper concentration in these regions.

The examples considered can also illustrate the ki-
netic mechanism of nucleation. It can be regarded as
a local spinodal decomposition that starts when the
amplitudes and extension of a local fluctuative enrich-
ment of concentration become large enough for the
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Fig.21. The same as in Fig. 20, but at the following ¢,: 21 (a), 24 (), 29 (¢), 31 (d), 34 (e), and 38 (f) (color online [31])

“uphill diffusion” mechanism characteristic of spinodal
decomposition [32] to become operative. In the ex-
amples considered, this seems to correspond to local
concentrations ¢; 2 0.07-0.09 (while the uniform spin-
odal decomposition boundary, according to Fig. 1, is
¢s & 0.045) in the region | 2 (7-8)a. Such an inter-
pretation of nucleation as a fluctuation-induced local
spinodal decomposition can be useful for a qualitative
understanding of many phenomena in this field, in par-
ticular, of a large excess in probabilities of nucleation
near the binodal curve observed experimentally [36]
compared to estimates of the classical theory of nu-
cleation (55).

5.4. Changes in microstructural evolution
under variations of temperature or
concentration

As mentioned in Sec. 4.1, the kinetic type of alloy
decomposition is mainly determined by the value of the
reduced supersaturation s in (65), which is less than
unity for metastable states under consideration. Low
s correspond to the states with the concentration and

temperature values (¢, T') close to the binodal curve for
which a “deep NG” type of evolution with a low density
and large sizes of nucleating precipitates is character-
istic. An increase in s corresponds to an approach to
the spinodal curve and a decrease in nucleation barri-
ers, and hence nucleating precipitates should become
smaller (which is illustrated by Table II), while their
density should increase. Based on these considerations,
we can expect that the reduced supersaturation s is the
main parameter determining microstructural evolution,
but at a given s, microstructure can also significantly
vary with the concentration or temperature.

To illustrate these variations, in Fig. 23 we show mi-
crostructure at the end of nucleation for the SF-1, SF-3,
and SF-4 alloy states described by Tables 1 and 2 and
Fig. 2. In simulations for the SF-4 state (which has the
same supersaturation s as the SF-3 state, but higher
concentration and temperature), we used go = 1.9, the
same as for the SF-3 state. Figure 23 shows that in
accordance with the foregoing, the increase in the su-
persaturation s in SF-3 and SF-4 states compared to
SF-1 by about 1.5 times leads to a much higher density
of nucleated precipitates: by about 3.6 times for the

504



KITD, Tom 139, Bhm. 3, 2011

Stochastic statistical theory of nucleation ...

Fig.22. The same as in Fig. 10, but at the following ¢,: 46 (a), 47 (b), 48 (¢), 49 (d), 50 (e), and 53 (f) (color online [31])

SF-3 state, and by 2.2 times for the SF-4 state. On
the other hand, Figs. 23b and 23c¢ illustrate differences
in microstructure for the same s but different ¢ and
T. For the SF-4 state, precipitates are notably larger,
while their density is 1.5 times lower than those for
the state SF-3. These differences are correlated with
differences in characteristics of thermodynamic critical
embryos for these two states presented in Table 2 and
Fig. 2: both critical sizes and reduced nucleation bar-
rier F,/T for the SF-4 state notably exceed those for
the SF-3 state.

6. CONCLUSIONS

To conclude, we summarize the main results in this
work.

1. A consistent and computationally efficient sto-
chastic statistical approach is developed to microscopic
studies of the kinetics of decomposition of metastable
alloys.

2. In this approach, the description of evolution in
terms of a certain reduced time includes no fitting pa-
rameters. This reduced time can usually be rescaled
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to the physical time with the use of several constants,
which can be estimated either from comparison to ki-
netic Monte Carlo simulations or from experiment.

3. For several realistic models of iron—copper al-
loys studied, the results of this approach typically agree
with the kinetic Monte Carlo simulation results within
errors of these simulations.

4. Oversimplified model (71) for the important
kinetic parameter of the theory, the size of locally
equilibrated regions for the nucleation stage, seems
to be sufficient for describing the main characteristics
of microstructure. But an adequate description of
temporal dependences requires using more realistic
models discussed in Secs. 4.2 and 5.1.
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K. Yu. Khromov, F. Soisson, A. Yu. Stroev, V. G. Vaks

MKITD, Tom 139, BHm. 3, 2011

Fig.23. Distribution of concentrations ¢; at the end
of nucleation for the following alloy states: SF-1 (a),
SF-3 (b), and SF-4 (¢) (color online [31])
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